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Abstract. While claiming that diagrams can only be admitted as a method of strict proof if the underlying
axioms are precisely known and explicitly spelled out, Hilbert praised Minkowski’s Geometry of Numbers
and his diagram-based reasoning as a specimen of an arithmetical theory operating “rigorously” with
geometrical concepts and signs. In this connection, in the first phase of his foundational views on the
axiomatic method, Hilbert also held that diagrams are to be thought of as “drawn formulas”, and formulas
as “written diagrams”, thus suggesting that the former encapsulate propositional information which can
be extracted and translated into formulas. In the case of Minkowski diagrams, local geometrical axioms
were actually being produced, starting with the diagrams, by a process that was both constrained and
fostered by the requirement, brought about by the axiomatic method itself, that geometry ought to be
made independent of analysis. This paper aims at making a twofold point. On the one hand, it shows
that Minkowski’s diagrammatic methods in number theory prompted Hilbert’s axiomatic investigations
into the notion of a straight line as the shortest distance between two points, which start from his earlier
work focused on the role of the triangle inequality property in the foundations of geometry, and lead up to
his formulation of the 1900 Fourth Problem. On the other hand, it purports to make clear how Hilbert’s
assessment of Minkowski’s diagram-based reasoning in number theory both raises and illuminates conceptual
compatibility concerns that were crucial to his philosophy of mathematics.
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1. Introduction

Hilbert’s assessment of Minkowski’s diagram-based reasoning in number theory brings
into play most of the central tenets of his philosophy of mathematics, while providing
a challenging test case for its consistency and profundity. In displaying the deep inter-
connectedness of mathematics through the fruitful interplay between apparently unrelated
domains, Minkowski’s Geometry of Numbers appeared as a privileged illustration of the
conceptual compatibility and integrability of various theories - something which for Hilbert
the axiomatic method brings out. When praising Minkowski’s theory, in his 1900 Paris
address, as a specimen of an arithmetical theory operating “rigorously” with geometrical
concepts and signs, Hilbert was much more concerned with the distinctive kind of agree-
ment between geometrical and arithmetical thinking supposedly involved in such ways
of reasoning than with the flatly correct account of diagrams whereby axiomatics and
heuristics play distinct, though complementary, parts in the mathematical enterprise. This
latter conventional picture indeed generally reflects Hilbert’s view of diagrams, as he later
explained in the most straightforward way.

In mathematics, as in any scientific research, we find two tendencies present. On the one hand,
the tendency toward abstraction seeks to crystallize the logical relations inherent in the maze
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of the material that is being studied, and to correlate the material in a systematic and orderly
manner. On the other hand the tendency toward intuitive understanding [Anschauung] fosters
a more immediate grasp of the objects one studies, a live rapport with them, so to speak,
which stresses their contentual relations [inhaltliche Beziehungen].1

While fully endorsing Pasch’s well-known pronouncement, namely, in his own words, that “a
theorem is only proved when the proof is completely independent of the diagram”2, Hilbert
thus promoted intuition and diagrams as any other heuristical device. His two commitments
thus do not clash, insofar as they pertain to two different realms. However, there is much
more to Hilbert’s praising of Minkowski’s diagrams than this simple acknowledgment of
their heuristic value. The context in which Hilbert pointed to these diagrams as “rigorous”
makes it clear that he thought of them as exemplary of some specific core property of
mathematical thinking - a property he was crucially engaged in identifying as a result of
what Bernays called the “methodological turn”3 he gave to the idea of axiomatics, ever
since his first investigations into the foundations of geometry.

This paper intends to make two closely related points. On the one hand, it aims to
show that Minkowski’s use of diagrammatic methods in number theory prompted Hilbert’s
axiomatic investigations into the notion of a straight line as the shortest distance be-
tween two points, which start from his earlier work focused on the role of the triangle
inequality property in the foundations of geometry, and lead up to his formulation of
the 1900 Fourth Problem. On the other hand, it makes clear how Hilbert’s assessment
of Minkowski’s diagram-based reasoning in number theory both raises and illuminates
concerns of conceptual compatibility that were crucial to his philosophy of mathematics.
To this end, section 2 analyzes the central philosophical insights underlying Hilbert’s first-
phase foundational views on the central importance of the axiomatic method, by stressing
how for Hilbert Minkowski’s diagrams are directly linked to such essential concerns as
the so-called “deepening of foundations” and conceptual compatibility. In this respect,
Hilbert’s view that diagrams should be thought of as “drawn formulas”, and formulas as
“written diagrams”, suggests that the former encapsulate propositional information that
can be extracted and translated into formulas. Section 3 thus makes clear how diagrams
may display such built-in local axiomatics by both providing paradigm cases and producing
criteria allowing us to specify how “local axioms” are to be understood in this connection.
Section 4 deals with Minkowski’s original diagrammatic methods in the theory of quadratic
forms in the light of Hilbert’s later insightful remarks on what made them path-breaking,
while section 5 examines the fundamental theorem of the Geometry of numbers proper,
by pointing out how Minkowski diagrams are to be mirrored in overly general analytic
formulas that blur their specific geometric content. Section 6 then explains how Hilbert’s
axiomatic investigations on the triangle inequality property were prompted by Minkowski’s
diagrammatic methods inasmuch as they had brought out the significance of convexity for
the foundations of geometry. It is thus shown that in the case of Minkowski diagrams,
local geometrical axioms were actually being produced, starting with the diagrams, by a
process which was both constrained and fostered by the requirement, brought about by the
axiomatic method itself, that geometry ought to be made independent of analysis. While
stressing the continuity from Hilbert’s 1895 independence results to the devising of his 1900
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Fourth Problem, Section 7 reflects upon the relationship between Minkowski’s geometry
and the corresponding axiomatization Hilbert outlined in the Paris address and proposes
that it is more intricate than is standardly thought. The concluding section explores
whether Minkowski’s diagram-based reasoning can be fully axiomatized and if so which
axiomatic framework would fit for it. Results obtained after Hilbert’s are then adduced
so as to turn his early view of diagrams as “drawn formulas” into an exact statement, at
least in a special well-demarcated case, so as to shed light on the conceptual compatibility
issues that Minkowski diagrams were intended to illustrate.

2. Conceptual Compatibility

The demand that proofs should be stripped of any “foreign” element, and that the infer-
ences they are made of should be gapless, was generally put forward as a principled re-
quirement by many previous mathematicians, from Bolzano to Pasch, Frege and Dedekind,
whatever their differences on other issues be. Therefore what made Hilbert’s enterprise new
had much more to do with the way he conceived of the nature of an axiom system. This
comes out for instance in Bernays’ explanation in (1922) of how Hilbert moves beyond his
predecessor Pasch in axiomatizing geometry:

Of course demands have always been placed upon a rigorous axiomatic grounding of geometry
that the proofs should exclusively appeal to what is formulated in the axioms, and they must
not rely upon spatial intuition in any way. More recently, Pasch, in his foundation of geometry,
has placed importance on the carrying out of this demand and has been completely consistent
in doing so.

However, Hilbertian axiomatics goes one step further in the elimination of spatial intuition.
Reliance on spatial representation is completely avoided here, not only in the proofs but also in
the axioms and the concepts. The words “point”, “line”, “plane” serve only as names for three
different sorts of objects, about which nothing else is assumed directly except that the objects
of each sort constitute a fixed determinate system. Any further characterization is carried out
only through the axioms. In the same way, expressions like “the point A lies on the line a” or
“the point A lies between B and C” will not be associated with the usual intuitive meanings;
rather these expressions will designate only certain, at first indeterminate, relations, which are
implicitly characterized only through the axioms in which these expressions occur.4

Hallett (1994) has shown that this requirement of the non-fixity of reference - i.e. the
requirement that variation in the interpretation of a theory’s primitives be allowed - is
precisely what sharply differentiates Hilbert’s account of axiom systems from Frege’s for
instance, as a few letters exchanged in 1899 clearly bears witness. It is not only the case
for Hilbert that the axioms can be interpreted differently, as is reflected in his practice
of obtaining independence results in the foundations of geometry. He in addition holds
that the existence of such a variety of interpretations is what greatly recommends the
“axiomatic method” by contrast with the so-called “genetic method”, which aims on the
contrary at fixing the reference by way of constructive or explicit definitions. As Hilbert
(1900a) stressed, in the case of the concept of a real number, the axiomatized version of
the theory is to be seen ultimately as the theory itself. Whatever constructive definitions
may have prevailed and may have served heuristic goals in the pre-axiomatic phase are to
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be abandoned. In this sense, axiomatization goes further than simply complying with the
standards of logical precision. Once the theory of reals is presented via a full-fledged axiom-
atization of complete ordered fields, it is also obvious that the theory can be represented
in many different ways : Dedekind cuts of the rationals, Cantor’s theory of equivalence of
Cauchy sequences of rationals, a calculus of line segments in geometry, etc. But none of
these interpretations can pretend to be the theory of real numbers per se. Quite the other
way around, it is the axiom system which is real number theory as such, therefore no longer
to be seen as articulating truths about a domain of objects which would presumably be
external to it.

According to this conception [Bernays continues ], the axioms are in no way judgments that
can be said to be true or false; they have a sense only in the context of the whole axiom
system. And even the axiom system as a whole does not constitute the statement of a truth;
rather, the logical structure of axiomatic geometry in Hilbert’s sense - analogously to that of
abstract group theory - is a purely hypothetical one. [...] Thus the axiom system itself does not
express something factual; rather, it presents only a possible form of a system of connections
that must be investigated mathematically according to its internal properties.5

As long as one relied on the truth of the axioms, the consistency of the whole axiom
system was guaranteed by the interpretation that made the system true. But since one
now no longer has the notion of truth to ensure the compatibility between the axioms thus
assembled, the consistency issue comes to the fore as a central concern for the tenability
of the axiomatic point of view. The whole process by which consistency comes to replace
truth as the criterion for validating the existential claims involved in an axiom system has
later been epitomized with utmost clarity and elegance by Hilbert & Bernays (1934).

The sharpening of the axiomatic point of view brought about by the Grundlagen der Geometrie
consists in that, from the factual representational material out of which the fundamental con-
cepts of a theory are formed, one keeps only, in the axiomatic construction of the theory, what
is extracted from it and formulated in the axioms, but abstracted from all other content. In the
axiomatics in this most restricted sense, a further factor comes in, namely the existential form,
by which the axiomatic method differs from the constructive or genetic one as a method for
founding a theory. While in the constructive method, the objects of the theory are introduced
as a genus of things, in an axiomatic theory, one has to do with a definite system of things
(respectively many such systems) which, from then on, forms a delimited domain of subjects for
all the predicates of which the statements of the theory are composed. In the presupposition of
such a totality of the “domain of individuals” lies - except for the trivial cases where a theory
has to do with a finite, firmly delimited collection of things - an idealizing assumption which
adds up to the other assumptions formulated by the axioms.

It is a characteristic feature of the sharpened form of axiomatics that arises from the
abstraction from the facts through existential shaping - which we will call “formal axiomatics”
for the sake of brevity - that it makes a proof of non-contradiction necessary [. . . ]6

Whatever the means which Hilbert later declared available and which he systematically
explored, from the 1920s on, so as to provide such consistency proofs, be (an issue we may
provisionally put aside at this stage, for the sake of the argument, but will resume below),
it is plain that he had clearly articulated the epistemological implications of his axiomatic
method, ever since the turn of the century, in the wake of his work on the foundations
of geometry. In this respect, quite apart from the logical technicalities pertaining to con-
sistency that were to be developed in the subsequent period, and perhaps owing to the
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fact that the focus was not on these technical aspects then, Hilbert displayed, as Hallett
(1994) explains, an “explicit recognition that mere consistency - internal consistency -
is not enough”, insofar as at least as much stress was laid at the time on “conceptual
compatibility”. Many reflections from Hilbert’s first period may even suggest some sort of
subordination of consistency issues to the higher goal of gaining insight into the deep unity
of mathematics via the axiomatic method. At the very end of his 1900 Paris address, Hilbert
conveys a view of mathematics in which its essential unity is always disclosed eventually,
provided axiomatization has been carried on deep enough.

. . . in my view, mathematics is an indivisible whole, an organism whose ability to live is
governed by the connection between its parts. No matter how various is the stuff of math-
ematical knowledge in its details, we recognize clearly the sameness of the logical tools [die
Gleichheit der logischen Hilfsmittel ], the close relation between idea formation across the whole
of mathematics, and the innumerable analogies between its distinct domains. Thus, we notice
that the further a mathematical theory is developed, all the more harmoniously and uniformly
does its construction unfold, and unexpected relations are discovered between hitherto separate
branches of this science. The extension of mathematics, therefore, does not threaten its uniform
character, but on the contrary brings it out all the more clearly.

The unified character of mathematics is embedded in its inner nature, for it is the founda-
tion of all exact scientific knowledge.7

As underlined by Hallett (1994), Hilbert used the term verträglich not only to mean the
relative consistency of the theories at hand, though what he says in this connection may
also be understood in this restricted sense, but more fundamentally to pinpoint the specific
characteristic underlying the conceptual compatibility of two theories. This characteristic
consists in their integrability into the more comprehensive whole furnished by their ax-
iomatic foundations, in which they come to be both embedded and deepened. It is in this
respect particularly noteworthy that Hilbert came back to these ideas to develop them
more fully in his 1918 paper on axiomatic thinking, that is after a period of intense work
aiming at integrating Mie’s electromagnetic theory of matter with the central ideas of
general relativity which Einstein8 had presented during his staying in Göttingen in the
summer 1915. Deeply imbued with what Felix Klein would later mock as a “fanatical”9

belief in the power of variational methods as a way to uncover the hidden laws of nature,
Hilbert envisioned the axiomatization of any particular field of physics as a variational
argument augmented with specific axioms “meant to capture the essence of the theory in
question”10. Inasmuch as his main concern was with the problem of the structure of matter,
Hilbert’s axiomatic approach to the foundations of physics (1915) consisted in deriving field
equations by such a variational principle from a well-adjusted Hamiltonian function H, a
so-called “world-function”, while at the same time imposing as “axioms” such decisive
constraints as those which, by making both the variation of the action integral vanish and
general invariance hold, would ensure the conceptual integrability of Mie’s theory of matter
with general relativity. This remarkable achievement - which he had profound reasons to
consider as carried on along reasonably acceptable lines (especially in contrast to Weyl’s
unification theory which he strongly disapproved11) - probably afforded, despite Einstein’s
criticism12, the best illustration of the process he came a few years later to label as the
“deepening of the foundations” [Tieferlegung der Fundamente].

It often happens that the internal consistency of a theory is considered as self-explanatory
[selbstverständlich], while, in truth, deep mathematical developments are necessary for the
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proof. [. . . ] But it is especially insufficient in physics, if the propositions of a theory are in
accord with themselves; rather the further requirement arises that they also never contradict
the propositions of a neighboring scientific field. [. . . ] In this same way, electromagnetic inertia
and Einsteinian gravitation are compatible [verträglich] with the corresponding concepts of
the classical theories, inasmuch as the classical concepts can be conceived as limiting cases of
the more general concepts in the new theories.13

Hence, as announced in the Paris address, uniformity may result from the axiomatic embed-
ding of two seemingly unrelated theories into a third one, which may present a conceptual
setting completely different from those of the original theories, but in so doing shows that
the theories are in deeper agreement than meets the eye. As Hallett (1994) explains, even
in more conventional cases where it would seem preferable to think in terms of relative
consistency rather than in terms of conceptual compatibility, it could be argued that the
very framing of consistency proofs also mirrors conceptual compatibility, “for though on
the surface, it looks as though this involves merely a translation of the terms and concepts
of one language into those of another, in practice this is only a formal reflection of a prior
appreciation of the sense(s) in which the structures are similar, that is can be seen to
be conceptually compatible.”14 Given the centrality of this concern for Vertäglichkeit in
Hilbert’s view of mathematics, it is no surprise that Minkowski’s work on the “geometry
of numbers” may have provided a strong incentive to his own axiomatic investigations on
the triangle inequality property15.

It is nevertheless significant that, in his 1900 Paris address, Hilbert chose to lay stress
on the “rigorous” character of Minkowski’s theory described as an arithmetical theory
operating with geometrical signs. At this stage of his work on the foundations of mathe-
matics, Hilbert understood “rigor” in a specific sense, a sense infused with the spirit of
the axiomatic method. In his own words, mathematics’ prior concern is with problems
and rigor only comes in as a “general philosophical need of our understanding”16 [einem
allgemeinen philosophischen Berdürfnis unseres Verstandes] brought about by problem
solving. Since the general requirement for the solution of a mathematical problem is that
“it shall be possible to establish the correctness of the solution by means of a finite
number of inferences on the grounds of a finite number of hypotheses which are implied
in the statement of the problem and which must always be exactly formulated”17, rigor
in reasoning is nothing else for Hilbert than this “requirement of logical deduction [diese
Forderung der logischen Deduktion] by means of a finite number of inferences”18. Hallett
(1995) has pointed out that, when Hilbert speaks of “logical deduction” at this stage, he
cannot mean the notion of logical consequence, as it is now defined along Tarskian lines, or
whatever might have adumbrated it, despite Hilbert’s own reliance on the use of models in
his practice of independence proofs in axiomatic geometry. In this respect, one should keep
in mind that roughly two different phases are to be distinguished in Hilbert’s foundational
work, namely a first period 1899-1905 characterized by the stress on the axiomatic method
and a second one aiming at the realization of the Hilbert’s programme in the 1920s. Hilbert
only engaged after 1905 - and only resolutely after 1918 - in codifying what he previously
took to be the implicit logic inherent in mathematical thinking by making it explicit in
framing a logical calculus. Therefore, as shown by Hallett (1994, 1995), Hilbert’s view of
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logic is subtly conditioned by a process whereby a logic at first thought of as intrinsic to
the way mathematical theories are built and operate is later externalized. Anyway, in the
Paris address, Hilbert still relied on a quasi-syntactic notion of logical deduction, though no
syntax had yet been specified, in the sense, assumedly entrenched in mathematical practice,
according to which reasoning presents itself as a sequence of deductive steps from assump-
tions to theorems. Similarly, the demands that were put upon an axiom system so as to
make it acceptable, were at first formulated in terms which, though supposedly also rooted
in practice, sometimes proved rather vague, and which were only later refined into well-
demarcated logical concepts. As a consequence of the truth of the axioms being repudiated,
Hilbert indeed required of axiom systems that they be (1) consistent, (2) complete, (3) that
they consist of only a finite number of axioms, and (4) that the axioms be independent of
one another. Though Hilbert sometimes talked of categoricity as a supplementary claim19

and later on laid stress on decidability, these first four stipulations are those that were
constantly put forward as basic requirements from the very beginning of his foundational
work. Nevertheless these criteria were at first largely left imprecise, for want of a sharp
definition of such fundamental logical notions as derivability and consequence. Consistency
for instance, was initially simply meant, as suggested above, in the sense of deducibility,
namely as the property of an axiom system within which it is impossible to deduce a
contradiction by a finite number of logical steps, but in the beginning quite apart from any
reference to a specified logical framework. Completeness, at first practically defined, at the
juncture of “material” and “formal axiomatics”, as the property of an axiom system having
all the known facts of given scientific domain represented as deducible from the axioms,
was eventually given a much more precise formulation as Post-completeness20.

Whatever the level of precision that was to be later adduced to these logical criteria,
it seems that Hilbert’s 1900 address laid greater stress on another way to assess the
adequacy of an axiom system, though of course precise logical characterization was later
brought about as required by the need to sharpen the original insight. Hilbert’s “axiom
of solvability” indeed amounted to the “firm conviction” [die sichere Überzeugung ] that
mathematical problems can be solved if adequately formulated, however intractable they
may appear at first sight, and that their solution follows by a finite number of purely
logical inferences. Problem solving thus allows for mathematical freedom, provided that
the creation of new concepts is constrained by consistency and fruitfulness concerns. So
as to trace a path toward a solution to a previously untouched mathematical problem,
one has to achieve a definite balance between two compelling diametrically opposed forces,
namely the forces of “generalization” and “specialization”, in devising the appropriate
conceptual means for the problem. On the one hand, the mathematician should contrive
to “recognize the more general standpoint from which the problem before us appears as a
single link in a chain of related problems”21. It is not uncommon indeed that mathematical
problems call for certain extended settings for their content to be fully articulated, just
like, as Hilbert himself mentions, the introduction of complex paths in the theory of
definite integrals by Cauchy, or the establishment of the concept of an ideal in number
theory by Kummer, brought about new conceptual frameworks facilitating the solution of
the problems originally posed. But on the other hand, “specializing” [das Spezialisieren]
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seems to play a still more important role in problem solving than “generalizing” [das
Verallgemeinern], inasmuch as one should be able to estimate the intrinsic difficulty of
the problems one deals with so as to weaken them by narrowing their scope, as the case
may be, and thence start with easier problems as paving the way for harder ones. Problem
solving thus presupposes a definite sense of adequacy insofar as proper concepts are to be
carved out which not only enhance insight into the problem so as to make generalization
possible, but also provide “as perfect as possible auxiliary means [Hilfsmitteln]”22 to work
out an effective solution. Inasmuch as implementing the most fruitful balance between
specialization and generalization, adequacy appears here, in the light of the axiomatic
method, as a requirement which is to serve the purposes of conceptual compatibility and
theoretic unification.

Since he tied up rigor with axiomatic thinking, Hilbert envisioned as “rigorous” any
form of reasoning, whatever be the source of the concepts involved, provided it is carried
out within an axiomatized theory. Mathematical concepts may indeed either proceed from
the reason’s own creative power by means of independent logical combination or from
the outside world as being pressed upon us by experience. Hilbert expressly opposed the
opinion that the only concepts susceptible of a rigorous treatment are those of arithmetic,
or even analysis, thus challenging for instance the view that geometry is only rigorous if
characterized in terms of a number manifold. In Hilbert’s view on the contrary, there is no
restriction whatsoever regarding the origin of concepts inasmuch as, “wherever they come
up, whether, from the epistemological point of view, be it in geometry or out of theories
of natural sciences, the task of mathematics is to investigate the principles lying at the
foundation of these concepts and to identify them by means of a simple and complete
system of axioms so that the sharpness of the new concepts and their availability for
deduction [ihre Verwendbarkeit zur Deduktion] shall be in no respect inferior to those of
the old arithmetical concepts”23. However, such concepts originally derived from outer
experience, and in the first place geometrical concepts, may prove better embodied in
diagrams, thence to be conceived as their appropriate signs, than in abstract mathematical
symbols.

To new concepts correspond necessarily new signs. These we choose in such a way that they
remind us of the phenomena that were the occasion for the formation of new concepts. So the
geometrical figures are signs for the mnemonic images of spatial intuition [Erinnerungsbilder
der räumlichen Anschauung] and are used as such by all mathematicians. Who does not always
use along with the double inequality a > b > c the picture of three points following one another
on a straight line as the geometrical sign of the concept “between”? Who does not make use
of drawings of segments and rectangles enclosed in one another, when it is required to prove
with perfect rigor [in voller Strenge] a difficult theorem on the continuity of functions or the
existence of points of condensation? Who could dispense with the figure of the triangle, the
circle with its center, or with the cross of three perpendicular axes? Or who would give up
the representation of the vector field, or the picture of a family of curves or surfaces with its
envelope which plays so important a part in differential geometry, in the theory of differential
equations, in the foundation of the calculus of variations and in other purely mathematical
sciences?24

It is of the foremost importance to assess exactly how and why geometrical signs or diagrams
may be held as a “rigorous” means of proof, as Hilbert explicitly declares when referring
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to the drawing of segments and enclosed rectangles in the carrying out of reasoning in
analysis for instance. So as to shed light on this issue, one ought to make clear how
the two stages of axiomatization do relate in Hilbert’s view, namely how what he would
later deem “contentual axiomatics” both conditions and gives way to “formal axiomatics”,
whereas the latter, though independent of the former, needs it in a certain sense as a
necessary complement. As shown in his 1918 paper on axiomatic thinking, Hilbert thought
of axiomatization as a gradual process of ordering the facts of a given domain so as to build
them up out of a finite number of fundamental propositions.

If we collate the facts of a specific, more or less comprehensive, field of knowledge, we soon
notice that these facts can be set in order. This order at all times occurs with the help of a
certain framework of concepts [mit Hilfe eines gewissen Fachwerkes von Begriffen], in such
a way that a concept of this framework corresponds to any individual object of the field
of knowledge, and a logical relation between the concepts corresponds to every fact within
this field of knowledge. The framework of concepts is nothing but the theory of the field of
knowledge. [. . . ]

If we consider more closely a specific theory, then we always recognize that at the bottom of
the construction of the framework of concepts lie a few distinctive propositions [ausgezeichnete
Sätze] of the field of knowledge, and that these alone are sufficient for building up the entire
framework upon them according to logical principles.25

But at this stage of the axiomatization process, these “distinctive propositions”, that are
eventually to be superseded by proper formal axioms, may still be immersed in sign-
dependent formulations of the relevant “framework of concepts”, as also in whatever
model-dependent formulations might prove convenient.

The proposition of the linearity of the equation of the plane on the one hand, and of the
orthogonal transformation of point-coordinates on the other hand, is completely sufficient to
obtain the whole extended science of the Euclidean geometry of space, by the means of analysis
only. Furthermore the laws and rules of computation for integers suffice for building up the
theory of numbers [zum Aufbau der Zahlentheorie]. In statics, the same role is taken over by
the parallelogram law of forces, in mechanics, by something like the Lagrangian differential
equations of motion, . . . in the theory of surfaces, the fundamental proposition is the represen-
tation of the element of arc by the quadratic differential form; in the theory of equations, the
proposition of the existence of roots; in the theory of primes, the proposition of the reality and
the frequency of the zeros of the Riemann function ζ(s).26

In the case of Euclidean geometry, the linear equation representing the fact of a point being
incident with a plane, together with a whole class of geometric point-transformations being
regimented by their correspondence with linear transformations on point-coordinates, allow
for the modeling of the geometrical proof into purely analytic ones. This in turn underscores
the proposition of linearity as one “distinctive proposition” out of which the whole bulk
of the others can be built. It is intriguing that the second example Hilbert adduces in this
connection suggests that any number theoretic proof should have an algorithmic content,
without his making clear whether or not this is to be considered as holding in the restricted
case of elementary number theory. Still, if we narrow the scope of Hilbert’s remark to
the uncontroversial case of elementary number theory, it is plain that mere computation
also provides a model of the known facts of the arithmetical domain. But it may hap-
pen that, in some other cases, the “distinctive propositions” Hilbert talks about present
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themselves in sign-dependent formulations, as, no doubt, the most striking illustration is
the parallelogram law of forces, whose evidence is intimately tied up with the geometri-
cal figure27. Another telling example is afforded by the theory of surfaces. In a passage
quoted above from the Paris address, Hilbert alluded to such putatively indispensable
diagrammatic representations as the cross of three perpendicular axes, families of curves
and vector fields visualized as flows, which precisely happen to be incorporated in the main
“distinctive proposition”of the theory of surfaces, namely the so-called first fundamental
form of differential geometry. Suppose a surface in the three dimensional space is, in the
most general way, represented by a parameterization x(p, q), y(p, q), z(p, q), depending on
two distinct parameters p and q. The whole surface may be covered by a network of two
distinct families of lines, each of which corresponds to a certain constant value of one or the
other parameter. By mere analytical sleight of hand infused with geometrical meaning28,
the element of arc ds =

√

dx2 + dy2 + dz2 may then be represented as a quadratic form
√

Edp2 + 2Fdpdq + Gdq2, which now depends on the parameters that are attached to the
surface. Gauss’s foundation of differential geometry stemmed from the realization that
many important properties of surfaces, the so-called intrinsic properties, such as curvature
for instance, depend only on these three coefficients E, F , G, which are functions of the
two parameters p and q, hence do not require that the surfaces be thought of as embedded
in three-dimensional space. The “new point of view”29 that was to prevail in the geometry
of surfaces thus consisted in “the natural way to express generally the nature of the surface
being always based [semper innititur ] upon the above formula [viz. the first differential
form].”30 The shift to intrinsic geometry of surfaces then corresponds to the E,F,G being
taken as primitive, though subject to certain conditions of continuity and differentiability,
so as to provide a definition of the surface together with all the information needed to
prove whatever properties that do not rely on the form of the surface in three-dimensional
space.

These illustrations shed light upon the relationship between what Hilbert & Bernays
(1934) would later call inhaltliche and formale Axiomatik. Whereas the “contentual ax-
iomatics” introduces its basic concepts “by hinting at known experiences [durch den Hin-
weis auf bekannte Erlebnisse]” and formulates its fundamental propositions “either as
evident facts that one can make clear, or as an extract of experiential complexes [Extrakt von
Erfahrungskomplexen]”, the “formal axiomatics” is set up as cut off from these suggestive
material. However, though independent of it,

the formal axiomatics necessarily requires the contentual one as a complement because the
latter is the only one to give the direction for the choice of the formalisms, and furthermore,
for a given formal theory, also the only one to provide the instructions for its application to a
domain of facts.31

In this sense, suggestion and application go reverse ways, and diagram-based “contentual
axiomatics” is not only an incentive to proper axiomatization, but it may also be infused
with the higher insights provided by formal axiomatics, so that reasoning with geometrical
signs may prove rigorous.

However there is more to Hilbert’s appraisal of Minkowski’s diagrams than his mere
acknowledgment of their being rigorous. As pointed out by Hallett (1994), the very use of
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axiom systems is to be considered, in Hilbert’s view, as “basic to thought”, inasmuch as
closely tied up with our fundamental ability to manipulate definite sign systems according
to certain rules. “What is taken as basic here [Hallett explains] is the ability to let a
(possibly simple) sign stand for a (possibly complex) object. This is extremely close to
the basic ability presupposed in the use of embeddings or modeling, the translation of
one language into another, or in other words, the replacement of one sign (or complex
of signs) by another. We might go so far as to say that this ability is revealed by the
reference-free view, and then emphasized by the insistence on interconnections, and so
on”32. Furthermore, it can be convincingly claimed, as Hallett (1994, 1994) does, that
there is a great deal of continuity between Hilbert’s early views on the axiomatic method
being rooted in a primitive ability to use signs according to rules on the one hand, and
his later view pertaining to the Hilbert’s program and what Hilbert & Bernays (1934)
would deem “the finite point of view” [die finite Einstellung ]. By stressing this continuity,
one will supposedly gain a better sense of Hilbert’s assessment of Minkowski’s diagrams.
Already in the 1900 Paris address, Hilbert had indeed granted diagrammatic reasoning the
symbolic character of a calculus which would allegedly operate with geometrical figures as
with signs according to rules that are determined by underlying definite axioms.

The arithmetical symbols are written diagrams and the geometrical diagrams are graphic for-
mulas; and no mathematician could spare these graphic formulas, any more than in calculation
the insertion and removal of parentheses or the use of analytical signs.

The use of geometrical signs as a means of rigorous proof [als strenges Beweismittel ]
presupposes the exact knowledge and complete mastery of the axioms which underlie those
figures; and in order that these geometrical figures may be incorporated in the general treasure
of mathematical signs, a rigorous axiomatic investigation of their intuitive content33 [anschau-
ungsmäßigen Inhaltes ] is necessary. Just as in adding two numbers, one must place the digits
under each other in the right order, so that only the rules of calculation, i.e. the axioms of
arithmetic, determine the correct use of the digits, so the use of geometrical signs is determined
by the axioms of geometrical concepts and their combination.34

This crucial passage, which suggests a ‘diagrams-formulas’ translation process, also hints
at one of Hilbert’s later claims, namely that the ability to operate with signs according to
specified rules is at root the same type of ability as the one involved in the operations of
arithmetic. In unpublished lectures (*1910), Hilbert indeed stated :

We start from the assumption that we possess the capacity to name things by signs, and that
we can always recognize them again. We can then carry out certain operations with these signs,
operations which are analogous to those of arithmetic and which satisfy analogous laws.35

This kind of logico-combinatorial intuition involved in our dealing with signs according
to rules will later be viewed as the core evidence that is to be called upon in furnishing
consistency proofs36.

Even formal axiomatics nevertheless requires a certain evidence [gewisser Evidenzen], as well
for the pursuit of the deductions as for the proof of non-contradiction, but with this essential
difference that this kind of evidence does not depend on the particular knowledge of a corre-
sponding domain of facts, but on the contrary that it is one and the same for any axiomatics,
namely that primitive way of obtaining knowledge [diejenige primitive Erkenntnisweise] which
is a precondition for every kind of exact theoretical research and must be behind all use of
axiomatics.37
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Furthermore, this primitive evidence being “one and the same” for any axiomatics as well as
“prior to all scientific thinking, understanding and communication”38, supposedly ensures
mathematics a great measure of entrenched logical unity. As emphasized by Hallett (1994,
1995), when, in a passage quoted above, Hilbert pinpoints “the sameness of logical tools”
that makes mathematics into a unified whole, logic is meant as unique and available to all
theories inasmuch as it is intrinsic to the way they operate. This built-in logic is only later to
be codified, made explicit and externalized into a logical calculus, which Hilbert adapted “so
that it conforms to certain features which he saw as essential to the aims of the axiomatic
method, and in this it is the finite Einstellung which is the dominant feature”39. In this
respect, it is significant, that in the 1900 Paris paper, Minkowski’s diagram-based reasoning
is supposed to highlight a form of compatibility between arithmetical and geometrical
thinking which is both displayed and implemented at the level of this primitive evidence,
prior to the built-in inferences being traced back to the axioms within a properly spelled
out logical framework.

The agreement between geometrical and arithmetical thinking is shown also in that we do
not follow at any time the chain of thought operations back to the axioms [die Kette der
Denkoperationen bis auf die Axiome hin] neither in arithmetical investigations nor in geomet-
rical matters. On the contrary, especially in first attacking a problem, we make use of a rapid
unconscious, not definitively sure combination [ein rasches, unbewußtes, nicht definitiv sicheres
Kombinieren], trusting to a certain arithmetical feeling [ein gewisses arithmetisches Gefühl ] for
the way the arithmetical symbols work, which we could dispense with as little in arithmetic
as with the geometrical imagination [die geometrische Einbildungskraft ] in geometry. As a
specimen of an arithmetical theory operating rigorously with geometrical concepts and signs,
I may mention Minkowski’s Geometrie der Zahlen.40

When one performs computations with numerals according to the rules by disposing strings
of them in a certain way on the page and operating on them so as to produce a result,
one implicitly relies on the axioms of arithmetic which are involved in our dealing with
such graphical arrangements, though our grasp of those underlying axioms presents itself
only subjectively as an “arithmetical feeling”. The same thing holds when one reasons with
geometrical diagrams, with this difference that our grip on the rules, and thence on both the
relevant concepts and the axioms that govern them, is now involved in our dealing with
the geometrical signs. Still, how one may proceed arithmetically with geometrical signs
remains to be explained. Furthermore, on may ask in what sense the primitive evidence of
the finite Einstellung is to be thought of as implicated in the conceptual integrability of
arithmetical and geometrical thinking.

Bernays (1946) later analyzed “factual evidence” [tatsächliche Evidenz ] as essentially
relative to a certain stage in the process of our developing knowledge, in such a way that
evidence may happen to be either lost or gained along the process itself.

While taking into account the concrete character of evidence, we find us forced to acknowledge
that the evidence, which presents itself to us in a mental situation [dans une situation men-
tale/in einer geistigen Situation] depends on the implicit presuppositions that are contained
in such a situation. . . . The mental situations that are of concern here are those through which
the process of human knowledge runs; . . . In this way, an evidence which is related to a given
stage of the mental development may disappear at a further stage. [. . . ] But in the course of
the developing process of our knowledge, there is also gained evidence. 41
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Though considering as a matter of fact that the only evidence liable to play a role in
mathematics is always “acquired evidence”42, Bernays nevertheless distinguishes geometri-
cal evidence which axiomatization eventually reveals as dispensable, from a more primitive
evidence which is to be considered as what the process of knowledge starts with so as to
proceed towards higher stages of evidence.

One must admit that geometrical evidence can be dispensed with for the construction of
mathematical theories, in their current form; as a matter of fact, as regards foundations, this
kind of evidence is eliminated from the mathematics of today; [. . . ]

We have viewed geometrical evidence as an example of acquired evidence. The same holds
for the evidence by which the arithmetical methods are conducted; this evidence is also acquired
at one stage of the mental development.

In the domain of the purely formal relations, there are quite primitive observations, like
for instance the one which proceeds, according to the common rules of elementary algebra,
from the expression (a + b).(a − b) to the expression (a.a) − (b.b). (This observation is not a
tautology; the indication of an operation to perform does not contain the indication of the
result as a constituent.)

These are the purest forms of evidence at our disposal. Already elementary number theory
goes essentially further than these primitive observations. There we make use of the general
concept of the natural number as well as of the induction principle and the recursive definitions
that are linked with the concept of number.43

Inasmuch as, along Hilbert’s lines, he took primitive evidence to be akin to arithmetical-
algebraical evidence, Bernays makes it clear that the concept of number involved in the
finite Einstellung is a much more primitive and restricted notion than the one associated
with a full-fledged axiomatic theory equipped with quantification and an induction princi-
ple, hence a notion much more faithfully captured in a sign-arithmetic with recursive rules
for the formation of the signs and the elementary operations44. Thus understood, primitive
evidence, though acquired at a presumably early stage, is nevertheless indispensable for
the carrying out of mathematical thought as such.

One may think [Bernays continues ] of completely eliminating evidence from the foundation
of the sciences, while allowing it only to play a role in heuristics, in the analogies and the
interpretations. One readily observes though that primitive evidence about formal relations
cannot be dispensed with (for the foundations), because such evidence is necessary so as to
control the functioning of a dialectic [das Funktionieren einer Dialektik zu kontrollieren] as
well as to ascertain contradictions.45

The parallelism with the passage from Hilbert & Bernays (1934) quoted above is striking,
with the difference that what was there succinctly called “the pursuit of the deductions ”
is now more accurately described as “the control of the way a dialectic functions”, which
applies to both the use of an axiom system and the use of geometrical signs according to
fully articulated rules in diagrammatic reasoning. In this sense accounting for Minkowski’s
diagram-based reasoning would not just hint at a deep agreement between geometrical and
arithmetical thinking, but would dig out proper axiomatic foundations for it, thus making
clear in return how an arithmetical theory can operate with geometrical signs.

In a short expository note, Minkowski gave the following justification for the designation
of his new number-theoretic field of research as a ‘geometry of numbers’
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When rectangular coordinates are introduced for space, to triplets of integral numbers corre-
spond discrete points so spread all over the space that they get in the neighborhood of any
arbitrary position in space. The set of all these points whose coordinates are nothing but the
integers, the lecturer calls it the three-dimensional Zahlengitter ; under the title ‘Geometry
of numbers’, he comprehends geometric studies about the three-dimensional Zahlengitter and
the corresponding figure in the plane, and in a wider sense, also the extension of the results
of such studies to higher order multiplicities. Naturally any statement about the Zahlengitter
possesses a purely arithmetic core [einen rein arithmetisch Kern]. But the word ‘geometry’ is
absolutely not out of place in view of the way certain questions are formulated, to which geo-
metrical intuition contribute, and of the methods of investigation whose direction is indicated
throughout by geometrical concepts.46

At first sight the Minkowskian blending of arithmetic and geometry can hardly be ac-
counted for without concerns pertaining to purity of method being jettisoned. However,
as Hallett (2008) pointed out, Hilbert emphasized that the demand for purity of method
is nothing else than a ‘subjective interpretation’ [eine subjektive Fassung ] of the so-called
‘basic principle’ which underlies axiomatic thinking, namely the requirement to investigate
whether a given problem can or cannot be solved with a certain stock of specified means.
But the kind of ‘appropriateness’ involved here lies deeper than mere homogeneity within
the realm of one putatively well-demarcated mathematical discipline.

In many cases, [Hilbert remarks ] our understanding is not satisfied when, in a proof of a
proposition of arithmetic, we appeal to geometry, or in proving a geometrical truth we draw
on function theory. Nevertheless, drawing on differently constituted means has frequently a
deeper and justified ground, and this has uncovered beautiful and fruitful relations; e.g. the
prime number problem and the ζ(s) function, potential theory and analytic functions, etc.47

In this connection, it is significant that in the passage quoted above of his 1918 paper,
Hilbert precisely pinpoints the proposition of the reality and frequency of the zeros of the
Riemann ζ(s) function as the “distinctive proposition” in the theory of primes, just as the
linearity propositions in Euclidean geometry or the parallelogram law of forces in statics.

These fundamental propositions [Hilbert then explains ] may be viewed, from a first stage point
of view, as the axioms of the individual fields of knowledge.48

Recall that this “first stage point of view” corresponds to “the geometric facts order[ing ]
themselves into a geometry, the arithmetic facts into a number theory, the static, mechanic,
electrodynamic facts into a theory of statics, mechanics, electrodynamics”49 and so on.
However,

the progressive development of the individual fields of knowledge then consists in the further
logical enlargement [in dem weitern logischen Ausbau] of the already specified framework
of concepts. [. . . ] In the cases mentioned, the problem of the foundation of the individual
fields of knowledge had found a solution; but this solution was only a provisional one. As a
matter of fact, the need was felt in the individual fields of knowledge to found the propo-
sitions themselves that were once considered as axioms and laid at the foundation. Hence
one proceeded to “proofs” [Beweisen] for the linearity of the equation of the plane and the
orthogonality of the transformation expressing a [geometrical ] displacement, for the laws of
arithmetic computations, for the parallelogram of forces, . . . , and for the proposition of the
existence of the roots of an equation.
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But the critical examination of the “proofs” makes it clear that they are not proofs in
themselves [nicht an sich Beweise sind ], rather, at bottom, they only make it possible to go
back to certain more deeply lying propositions, which are now themselves to be envisaged
as new axioms in place of those propositions to be proved. So arose the proper, currently
so-called axioms of geometry, arithmetic, statics, mechanics, . . . These axioms form a more
deeply lying layer of axioms, by contrast with the layer of axioms like the one which has
been characterized by the aforementioned propositions at first taken as a foundation in the
individual fields of knowledge. The device of the axiomatic method, as it is articulated here,
thus comes to a deepening of the foundations [Tieferlegung der Fundamente] of the individual
fields of knowledge, just as such a one is indeed necessary for every building [Gebäude] to the
extent that one wants to enlarge it, to build it higher, and yet to provide guarantee for its
security.50

There is one particularly important feature of this axiomatization process that should be
highlighted for our purpose in this paper. By reaching to deeper lying axioms, one may
indeed also abolish former delineations between prima facie distinct “individual fields of
knowledge”. When referring for instance, in the passage quoted above, to the proposition of
the existence of the roots of an equation as being the “distinctive proposition” putatively
lying, from a first stage point of view, at the basis of the whole theory of equations, Hilbert
implicitly suggested that the “critical examination” of the proof of this proposition would
lead to deeper axioms. One may recognize here a hidden allusion to Weber’s paper (1893)
on the general foundations of the Galois theory of algebraic equations, which is no surprise
since Hilbert was well-acquainted with Weber’s work in general as his Zahlbericht (1897)
amply bears witness. In this connection, Weber’s point consisted in reframing Galois theory
in such a way that, for the first time, the concept of a field is presented in an abstract way,
“as a formal law [als ein formales Gesetz ] absolutely regardless of the numerical import
of the utilized elements”51. The whole approach thus provided new foundations for the
theory to the extent that these are to be thought of as “also completely independent
of the fundamental theorem of algebra on the existence of the roots”52. Thus destitute
of its formerly assumed status of an axiom, this latter proposition then proved to be
“deepened” into the proper axioms of the new theory. Inasmuch as articulating the concept
of an algebraic field extension, which he called a “congruence field” [Congruenzkörper ],
Weber aimed at making Galois theory “an immediate consequence of the group concept
being augmented with the field concept”53, thus dismissing any appeal to the existence of
the roots that would ignore their being elements of a specific algebraically constructed
field. “According to this view, [Weber explains] the theory appears though as a pure
formalism [als ein reiner Formalismus], which only gains content and life through the
individual elements being invested with a numerical value, but on the other hand, this
form is applicable to all the cases one may think of, in which the presuppositions thus
made hold, reaching over [hinübergreifen] on the one hand to function theory, and on
the other hand to number theory.”54 In this sense, the “deepening of the foundations”
enhances conceptual compatibility by disregarding surface boundaries. The same process
that succeeded in the case of the theory of equations might well also succeed in the case
of the basic properties of the Riemann ζ(s) function which still provide, for want of a
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better one, a first stage foundation for the theory of primes. Though “the essence of the
relationship between ζ(s) and prime numbers”55 goes back to the Euler product formula,
Riemann’s fundamental functional relation56 makes it clear that the non-trivial zeros of
ζ(s) in the complex plane, which encapsulate crucial information on the primes, all lie in the
strip contained between the real values zero and 1. All these properties being rooted in one
single functional relation strongly recommend it as the first stage “distinctive proposition”
in the theory of primes, as Hilbert suggested. On the basis of these fundamental facts,
Riemann (1859) considered “very likely” that the complex zeros of ζ(s) all have real part
equal to 1

2 , though, like everybody else ever since, he was unable to prove it within the
current conceptual framework of the theory. Further deepening of the foundations which, in
this case, might be necessary so as to settle Riemann’s hypothesis (which Hilbert reckoned
as his eight 1900 problem), is also to be pursued so as to provide the “deeper and justified
ground” for the fruitfulness of complex analysis in number theory.

According to Hilbert, the process of axiomatization requires a “projection onto the con-
ceptual sphere”57, insofar as an axiomatized theory provides only “the schema of concepts
[Schema von Begriffe] which are connected to one another through the unalterable laws of
logic, [whereas] it is left to the human understanding how it applies this to appearances,
how it fills it with material, [which] can happen in a great many ways.”58 Inasmuch as
axiomatization allows for such a ‘deepening of the foundations’, the shift to the axiomatic
level thus implies that the relevant concepts are divested of their original meaning which
may be rooted in various branches of mathematics.

According to this point of view, [as Hilbert later put it ] the method of the axiomatic construc-
tion of a theory presents itself as the procedure of the mapping [Abbildung] of a domain of
knowledge onto a framework of concepts [Fachwerk von Begriffen], which is carried out in such
a way that to the objects of the domain of knowledge there now correspond the concepts, and
to statements about the objects there correspond the logical relations between the concepts.
Through this mapping, the investigation is completely severed from concrete reality. The theory
has now absolutely nothing to do with the real subject matter or with the intuitive content
of knowledge; it is a pure Gedankengebilde [construct of thought] about which one cannot say
that it is true or false.59

Hence diagram-based reasoning may justifiably be built into a number-theoretic proof, as is
successfully done with Minkowski’s methods, inasmuch as, from an axiomatic point of view,
the ostensibly heterogeneous proof-components are set on the same footing, provided the
whole system of exact logical relations involving both geometrical and arithmetical concepts
is mapped onto a mere integrated “framework of concepts”, whatever be the original garb
in which they were at first grasped. But, as will be seen below, in the case of Minkowski’s
Geometry of number, the diagrams themselves paved the way to the underlying axiomatics.

3. How diagrams encapsulate local axiomatics

Diagrams may indeed make transparent which axioms are ‘appropriate’ for which con-
tent and thus provide insight into the axiomatic structure of a given proof, as Hilbert’s
handwritten drawing which is faithfully reproduced here (Fig. 1) bears witness.
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On the basis of congruence axioms an equilateral triangle can be constructed.60
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Fig. 1. Hilbert’s own handwritten drawing (Holiday Courses, 1896 and 1898)

While considering the ‘circle-circle property’, namely the statement that a circle with
points both inside and outside another circle has exactly two points of intersection with it,
Hilbert explores “what formal property of space corresponds to the implicit underlying
existence/construction assumption”61. His method consists in constructing a model in
terms of an adequate coordinate field, for some significant subcollection of the whole set
of axioms for Euclidean geometry, viz. incidence (I, 1-8), order (II, 1-4), congruence (III),
parallels (IV) and continuity (V, 1-2). In this connection, as established by Hallett (2008),
Hilbert arrives at the following results.

(1) Any constructions carried out and justified on the basis of axioms I-V62 are necessarily
constructions using just straightedge and what he calls a ‘segment mover’ [Streckenübertrager ]
(for which a pair of dividers would serve), the first for drawing straight lines, and the second
for measuring off segments.

(2) The algebraic equivalent of these constructions is the Pythagorean field. (. . . ) what
this means is that the constructions licensed by Hilbert’s geometrical system of the 1890’s can
be carried out (i.e. the existence of the points constructed justified) in any analytic geometry
whose coordinates form a Pythagorean field, even the minimal Pythagorean field built over
the rationals.63

Let us recall that an ordered field is said to be ‘Pythagorean’ when closed under the
operation

√

x2 + y2, whereas it is said to be ‘Euclidean’ when closed under the opera-
tion

√
x. Hilbert elaborates on these notions while working out a model of the geometry

corresponding to the axiom groups I-III, in which the existence assumption involved in
properties such as the ‘line-circle property’ or the ‘circle-circle property’ fails. But in alge-
braic terms, his modelling eventually boils down to the proof that not every Pythagorean
field is Euclidean64. Hence the unrestricted use of the pair of compasses is not taken in
charge by Hilbert’s system for Euclidean geometry inasmuch as

[(3)] the algebraic condition corresponding to the compass construction is that each number
in the field of coordinates has a square root in the field, i.e. is Euclidean.65

Hilbert thus makes it obvious that, whereas “it is not entirely clear [in Hilbert’s writings
of this period ] what principle should be added to the axiom system so as to guarantee Eu-
clideanness, [since merely ] adding the circle-circle property itself as an axiom might appear
as somewhat ad hoc”66, still, contrary to what had been thought at first, and in particular
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contrary to what even his student J. Sommer claimed in his review of the first edition of the
Grundlagen der Geometrie67, far less than continuity is required to secure the circle-circle
property. However, concerning the paradigm case of Euclid I, 1, Hilbert established that
not even Euclideanness is required, since one can construct an equilateral triangle by using
only the ruler and the restricted compass, the so-called ‘Streckenübertrager ’, namely by
performing only Pythagorean operations as the diagram in Fig.1 purportedly shows, at
least provided it is properly read against the background of a Pythagorean ordered field as
a coordinate field. It is assumed, as Hilbert shows in (1899, chap. VII), that the ruler and
the segment-mover suffice to construct a parallel line to a given line through a given point
exterior to it, and a perpendicular line to a given line. Hence by iterating the Theodorus’

spiral construction, one constructs
√

2 and
√

3, then
√

3
2 by halving the segment, so that

from the point thus obtained, a segment of length 1
2 can be drawn at right angle with

the previous one. As Hallett and Majer (2004) remark, “the diagram demonstrates [my
emphasis] that this can be done with nothing more than ‘moving’ (and halving) segments
and ‘moving’ right angles. Hilbert notes [indeed ] that the length of the hypotenuse is of

Pythagorean form, i.e. of the form
√

1 + x2, for
√

3 =
√

1 + (
√

1 + 1)2.”68

In exploring the highly complex, rational structure displayed by proofs and the strate-
gies employed to achieve this structure69, Sieg (2009) credits Hilbert (1899) for having
shown the way for such a demanding research program by giving “marvelous instances
of local axiomatics”. In Hilbert’s axiomatic investigations, the geometrical axioms were
so demarcated and grouped as to allow one to assess which notions and principles were
needed for which theorems. While he identifies the task consisting in “isolating what is
at the heart of an argument or uncovering its leading (mathematical) idea”70 as decisive,
Sieg draws a highly illuminating parallel between ‘modern’ and ‘classical’ local axiomatics,
insofar as the same pattern would hold in both cases : “three steps are [indeed ] crucial for
obtaining the proofs, steps that go beyond the purely logical strategies and are merged
into the search algorithm”71, namely (1) local axioms, (2) proof-specific definitions, (3)
leading ideas. In this connection, Euclid’s proof of Pythagoras theorem (I,47) is taken as
a paradigm case where this pattern can be most easily grasped. Though Sieg’s own stated
agenda is to shape proof search algorithms after this pattern by making clear what is to
be achieved through this classical example, his comment on the corresponding Euclidean
diagram is of concern for the purpose of this paper.

Recalling that, in the general context of ancient quadrature problems, viz. those prob-
lems concerned with determining the area of a given geometric figure in terms of squares,
polygons may be decomposed into triangles which can be proved equal to certain definite
squares, Sieg (2009) underscores that the Pythagorean theorem is best understood as a
“geometric computation”72 allowing us to join two squares so as to obtain a bigger one
and hence solve by iteration the quadrature problem for polygons. The diagram then [he
asserts] “captures the construction and the abstract proof of the theorem”, whereas the
written proof would check the correctness of the computational device displayed by the
diagram. As is well known, Euclid’s proof hinges on the drawing of an auxiliary line (dotted
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in Fig. 2), namely the perpendicular to the hypotenuse that passes through the opposite
vertex.

A C

D

B

F

E

Fig. 2. Sieg’s comment on the Pythagorean diagram

This auxiliary line partitions the square built upon the hypotenuse in two rectangles that
are shown to be equal to the squares built upon the two other sides. Whereas presenting
a version of the proof that slightly differs from Euclid’s, Sieg (2009) thus analyzes the
diagram.

Euclid uses three facts that are readily obtained from earlier propositions : (α) Triangles are
equal when they have two equal sides and when the enclosed angles are equal (Proposition
I.4); (β) Triangles are equal when they have the same base and when their third vertex lies on
the same parallel to that base (Proposition I.37); (γ) A diagonal divides a rectangle into two
equal triangles (Proposition I.41). (. . . )

The triangles ABC and DCE satisfy the conditions of (α) and are thus equal; on account
of (β) they are equal to DBC and FCE, respectively. Finally, (γ) ensures the equality of [each
little square with one of the corresponding rectangles in which the big square is partitioned,
namely that which lies on the same side of the dotted line73]. (. . . )

(. . . ) we can make the following general observations : (α) through (γ) are used as local
axioms ; the auxiliary line drawn through the vertex opposite of the hypotenuse and perpen-
dicular to it is the central proof-specific definition; finally, the leading idea is the partitioning
of squares and establishing that corresponding parts are equal.74

Hence diagrams may encapsulate local axiomatics in that they combine into a com-
plex, organized whole the axioms that are ‘appropriate’ to prove a definite theorem and
only those ones. Two main features emerging from the preceding remarks should then
be highlighted if it is to be convincingly argued that Hilbert’s assessment of Minkowski’s
diagrammatic reasoning focused on the diagrams providing local axioms in disguise. Firstly,
local axioms are readable off the diagram only against background knowledge, as Hilbert’s
handwritten drawing analyzed above makes clear. Secondly, if a diagram is to be taken as
displaying “local axioms”(in Sieg’s more refined sense), it should be possible to think of it
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as performing some sort of “geometric computation” which produces an output, hence in
such a way that the diagram itself is to be “vectorized” by its being sequentially read so as
to represent the shortest route leading, in a finite number of steps, from the axioms to the
theorem; whereas the written corresponding proof should be concerned with the correctness
of the diagram-framed computational device being checked. It will be shown below that
Minkowski’s original method of proof in his Geometry of numbers can be envisaged as
presenting these two features, with the crucial proviso that geometry be made axiomatically
independent of analysis. Minkowski uses lattices and convex bodies in Euclidean space so as
to trace a shortcut to such integral values that make a positive definite quadratic form less
than a specific bound. In this sense, what the diagram does is produce integers satisfying
a certain property as the required output, though in this case the whole “computation” is
performed by means other than those traditionally employed in arithmetic. In what sense
then could it be argued that these unconventional means nevertheless are “computational” ?
One might recall here Hilbert’s key insight that both the use of sign systems (whether they
be of a geometrical or some other kind of nature) according to specified rules on the one
hand, and the use of axiom systems on the other hand, partake of a fundamental finite
combinatorial-arithmetical character.

However, so as to fit in Hilbert’s axiomatic scheme, Minkowski’s diagram-based reason-
ing had to be accounted for in a proper geometric setting, whereas Minkowski’s own rigorous
proving was of an analytical kind. Hilbert’s reasons for making geometry independent of
analysis boil down to two things : firstly, as explained above, the logic should be kept
minimal in the axiomatization of mathematical theories and no set-theoretic assumptions,
such as those hidden in the second-order concepts of analysis, should be allowed, and
secondly, as will be spelled out further, the abandonment of the referential view would
require the provision of a self-sufficient content to geometry, a content independent of
empirical experience or pure analysis. Yet, as they were originally dealt with, Minkowski
diagrams were only legible as providing proofs against some background knowledge that
was articulated in analytical terms. Hence digging out the genuine geometrical axioms
that are both entrenched in the diagrams and immersed in analytical formulas, was a
crucial issue. Hilbert’s axiomatic investigations in the triangle inequality property were then
prompted by the need to render such local axioms explicit, thus making in turn Minkowski
diagrams “rigorous” (in Hilbert’s more restrictive sense sketched in the previous section)
- that is, fully interpretable as “drawn formulas”, hence also as some sort of “geometrical
computation”.

4. “A pearl of the Minkowskian art of discovery”

In a memorial lecture delivered in homage to Minkowski, Hilbert (1909) analyzed the train
of thought which led his friend from early work on quadratic forms to the creation of a new
field of research which came to be known as ‘geometry of numbers’. While recalling the
main steps of this conceptual development, Hilbert emphasized how geometric visualization
originally underlay Minkowski’s methods in number theory.
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The problem consisting in singling out owing to definite inequality conditions, one quadratic
form from the infinite collection of forms belonging to a given class, namely the problem of
the reduction of quadratic forms, had already occupied Minkowski many times. More than
anything else, he was struck by the well-known letters which Ch. Hermite had addressed to
Jacobi on this very topic, and in particular by the proposition established by Hermite, that the
least magnitude, different from zero, which is representable in rational integers by a positive
quadratic form of n variables with determinant 1, never exceeds a certain value depending
only on the number n. By paying attention to this proposition, Minkowski was brought to the
considerations upon which we must insist now.75

The problem of the reduction of quadratic forms in which Minkowski’s number theoretic
methods are rooted arose as a natural generalization of Lagrange’s approach to binary
quadratic forms. Whereas the whole theory of quadratic forms stemmed from problems
of representation of integers by sums of squares, viz. x2 + y2, x2 + 2y2, x2 + 5y2, etc,
Lagrange studied how these forms can be reduced to one another and sorted them out
in different classes by defining an equivalence relation between them. In number theory, a
binary quadratic form is a polynomial with integer coefficients76

f = ax2 + bxy + cy2

usually noted (a, b, c), which can be seen either as a family of contour lines obtained by
taking the horizontal sections of a quadric surface above the xy-plane (cf. Fig. 3), when
thought of from the point of view of algebraic geometry, or in a purely number-theoretic
way, as a set of integers, namely the set of those integers which can be represented by the
quadratic form ax2 + bxy + cy2 when x and y are given integral values. According as the
determinant D = b2−4ac associated with the form ax2+bxy+cy2 is negative or positive, one
obtains a definite or an indefinite form insofar as the set of integers contains only positive
or only negative integers on the one hand, or both positive and negative integers on the
other hand77. Put in more picturesque, geometric terms, definite and indefinite forms bring
about different quadric surfaces when envisaged geometrically, namely elliptic paraboloids
when D < 0, or hyperbolic ones when D > 0. Lagrange devised his theory of reduction for
definite forms by considering how linear transformations with integer coefficients operate
upon them78. Two quadratic forms are said to be equivalent if they transform into one

another by a unimodular transformation T =

(

α β

γ δ

)

, viz. such that det(T ) = ±1, which

means that the two forms correspond to the same set of integers79. Insofar as an equivalence
relation between forms is defined, it is only natural to try to sort them out in classes, and
the so-called ‘equivalence problem’ consists in finding criteria to decide whether two given
forms of the same determinant are equivalent, hence belong to the same class, whereas
the ‘reduction problem’ stems from the attempt to single out a unique representative for
each class of equivalent forms. For every determinant D < 0, Lagrange thus defined a
set of so-called ‘reduced forms’ which are characterized by explicit conditions imposed on
the coefficients80, then proved that such a set is finite81 and eventually framed out a well-
behaved algorithm which gives the reduced form of every positive quadratic form in a finite
number of computational steps82. After Lagrange, reduction theory had to be generalized
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in two directions so as to deal with positive quadratic forms of an arbitrary number of
variables on the one hand, and with indefinite forms, viz. forms with determinant D > 0,
on the other hand. Hermite’s result referred to above belongs to the first development and
so does Minkowski’s early work on quadratic forms in the wake of Hermite, as a letter to
Hilbert dating back 1889 bears witness.

November 6, 1889. I have made quite a bit of progress on the theory of positive quadratic forms,
indeed a lot turns out to be different for forms with a large number of variables. Perhaps you
and Hurwitz will be interested in the following theorem (that I can prove on half a page) :

To every positive definite quadratic form of determinant D of n (> 2) variables, one can

always give the argument of such integral values that the form becomes < nD
1

n .

Hermite has here for the coefficient n only
(

4

3

)
n−1

2 , which is much larger in general.83

Minkowski not only provided an estimate for the least value taken by a positive quadratic
form which greatly improved the bound previously given by Hermite, but he also devised
a brand new method of proof which would prove fruitful far beyond this limited result.
With hindsight, Hilbert clearly identified the key diagrammatic insight that forms the core
of Minkowski’s whole approach.

Let us imagine after Minkowski the system of points which, being so arranged in a cube-
shaped disposition as to fill the whole space, arises when all integral values are given to the
rectangular coordinates x, y, z. Minkowski called such a system of points a Zahlengitter [viz.
a lattice of numbers ]. Now if F (x, y, z) denotes a homogeneous positive quadratic form in x, y,
z of determinant 1, then the equation F (x, y, z) = c represents, for every positive value of the
constant c, a certain ellipsoid with the origin as its center. Let us now mentally draw another
ellipsoid around every point of the lattice taken as its center so that it is congruent to the former
ellipsoid at the origin and similarly oriented : if the value of the constant c is small enough,
then these ellipsoids will obviously be separate from one another. Supposing that the greatest
value of c for which this is still the case be M

4
, then the ellipsoids are only tangents in isolated

points. Since, with this space-filling scheme, to each cube of side 1 there corresponds one of
the ellipsoids, it follows easily that the volume of the ellipsoid F (x, y, z) = M

4
is necessarily

less than the volume of this cube, namely it is certain that

4π

3

√

(

M

4

)3

< 1

On the other hand, it is easy to recognize that, except for the origin, the ellipsoid F (x, y, z) = M

certainly contains no other lattice point in its interior; whereas lying on its surface are the
lattice points that are the centers of the ellipsoids tangent to the original ellipsoid F (x, y, z) =
M
4

; namely M is the least value, different from zero, which is representable in rational integers
by the quadratic form, and this inequality provides the upper limit

M <
3

√

62

π2

for this minimum.84
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An explication of Minkowski’s visual proof with special emphasis on the “space-filling
scheme” which constitutes its essential building block may be useful in this connection,
while focusing on the simple case of binary quadratic forms. As mentioned above, a positive
quadratic form ax2 + bxy + cy2 where D = b2 − 4ac < 0 can be thought of as a certain
quadric above the xy-plane, namely an elliptic paraboloid, so that to each positive value l

there corresponds a given curve ax2 + bxy + cy2 = l (cf. Fig. 3).

z

x

y

O

O
x

y

l1

l2

Fig. 3. Quadrics and contour lines

Minkowski considers a curve among this family of contour lines, namely an ellipse ax2 +
bxy+cy2 = λ with the origin O of the lattice as its center and the parameter λ small enough
so that all the ellipses obtained from the original one by any of the translations generated
by the two unit vectors are separate form each other. As the value of λ increases, the
ellipses progressively fill in the space until they come into contact at certain definite points
which, as symmetry makes it obvious, can be none other than some of the midpoints of the
segments joining the origin O with its eight neighboring points in the lattice. Assuming
then, as Hilbert puts it, that M

4 is the greatest value of the parameter λ for which the ellipses

of the same shape as ax2 + bxy + cy2 = M
4 are still not overlapping, namely are at most

tangent to one another, it is clear that when the coordinates x and y are doubled, the value
of the quadratic form is multiplied by 4. Hence the homothetic ellipse ax2 + bxy + cy2 = M

which still has the origin as its center goes through the centers of some of the neighboring
ellipses -i.e. some of the neighboring points of the lattice (cf. Fig. 4).

ax2 + bxy + cy2 = M
4

ax2 + bxy + cy2 = M

Fig. 4. Blowing up the ellipses
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The same method can be generalized from binary to ternary positive quadratic forms and
then to positive quadratic forms of an arbitrary number of variables. M being the least
integer representable by the quadratic form, Minkowski proves it to be less than an upper
limit depending only on the number of variables of the quadratic form by the following
visual argument. In the case of ternary quadratic forms, similar and similarly oriented
ellipsoids all centered around lattice points are so packed that they can be obtained from
one another by translation of a unit vector (cf. Fig. 5). Now on the one hand, each unit
cube of the lattice thus contains different pieces of the neighboring ellipsoids which may be
shifted according to the lattice translations so as to recompose a whole ellipsoid. But on
the other hand, the diagram makes it perspicuous that there is interstitial space between
the bits of ellipsoid within the unit cube, so that the volume of the ellipsoid is less than
the volume of the cube. When writing down this visual evidence in symbols, one obtains

the inequality from which Minkowski’s upper limit M < 3

√

62

π2 is obviously derived.

Fig. 5. Minkowski’s space-filling scheme

Hilbert comments on Minkowski’s early insight by outlining how focusing on symme-
try and convexity would grant the method both wide generalization and inexhaustible
fruitfulness.

This proof of a deep-lying number-theoretic proposition which proceeds without the aid of
arithmetical calculation, essentially on the basis of a geometric intuition, is a pearl of the
Minkowskian art of discovery [eine Perle Minkowskischer Erfindungskunst ]. With the gen-
eralization to forms with n variables, Minkowski’s proof provides a more natural and far
smaller upper limit for this minimum M than the one Hermite had found. But even more
importantly, Minkowski’s inferential device [Schlußverfahrens ] relied only on such properties
of the ellipsoid as its being a convex figure and its possessing a center of symmetry, and
could then be transferred to arbitrary convex figures with a center of symmetry. This fact led
Minkowski to recognize for the first time that the concept of a convex body is a fundamental
concept of our science and counts as its most fruitful means for research.85

Applying the very same core visual argument to lattices with a fundamental cell of
different sizes and shapes and arbitrary convex figures yields a host of new number theoretic
results ranging from the 1889 estimate improving on Hermite’s to Minkowski’s famous
lattice point theorem which is at the foundation of his ‘geometry of numbers’. The path
taken by Minkowski may be outlined as follows within the proper general setting developed
earlier by Hermite, viz. the theory of symmetric bilinear forms. After Hermite, a symmetric
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bilinear space over Z can be seen as the pair constituted of a lattice L in Rn generated by
a finite basis of vectors of Rn, viz. (e1, e2, . . . , en), and a bilinear form b corresponding to
a symmetric matrix B = (βij) ∈ M(n, R), where βij = b(ei, ej), for all i, j = 1, 2, . . . , n, so
that, for any x =

∑n
i=1 xiei ∈ L and y =

∑n
i=1 yiei ∈ L,

b(x, y) = XBY t

holds with X = (x1, . . . , xn) ∈ Zn, Y = (y1, . . . , yn) ∈ Zn. A symmetric bilinear form
may be seen as a generalization of the scalar product for vectors in Rn. A quadratic form
can then be associated with the symmetric bilinear form by setting q(x) = b(x, x) for
any x =

∑n
i=1 xiei, and the determinant of the form q is the determinant of the matrix

associated with the corresponding bilinear form. Now Hermite obtained the estimate86

which triggered Minkowski’s interest by proving by induction on n that for any given
positive bilinear form b with n variables of determinant D and any given lattice L associated
with the basis of vectors (e1, e2, . . . , en) of Rn, there is an x ∈ L such that

0 < b(x, x) 6

(

4

3

)
n−1

2 n
√

D.

So as to improve on Hermite’s result by making use of his geometric space-filling trick,
Minkowski first shifted from the rectangular lattice with the quadratic form q to a parallel-
ogrammatic lattice with the Euclidean metric (cf. Fig. 6), by performing a transformation
which brings the symmetric bilinear form associated with the positive quadratic form at
hand to the usual Euclidean metric in Rn.

b b b b b b b

b b b b b b b

b b b b b b b

b b b b b b b

b b b b b b b

b b b b b b b

b b b b b b b

e1

e2

lattice L

with basis (e1, e2, . . . , en)

b1

b2

lattice L′

with basis (b1, b2, . . . , bn)

b
b

b
b

b
b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

Fig. 6. Hermite’s isomorphism between bilinear spaces

Under such a transformation α : Rn −→ Rn with matrix A, the matrix B associated with
the bilinear form b is remolded so as to match the identity matrix of rank n, viz.

AtBA =





1 0
. . .

0 1



 ,
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by mapping the vectors of the rectangular lattice, namely the vectors of the canonical basis
of Rn onto the vectors of a new basis which define a lattice whose fundamental cell is no
longer a cube.

Owing to this identification of a given bilinear form b(x, y) with the Euclidean metric
‖x−y‖ on Rn, instead of dealing with the points x =

∑n
i=1 xiei within a rectangular lattice

L and the value that an arbitrary positive quadratic form b(x, x) takes at these points,
one can now study the properties of the corresponding points x =

∑n
i=1 xibi within an

isomorphic lattice L′ by taking full advantage of the fact that this time the corresponding
quadratic form can be interpreted as the square of the ordinary distance from these points to
the origin of the lattice87. Minkowski’s strategy then boils down to finding an upper bound
for the least distance between two different lattice points88, by comparing a properly chosen
convex figure with the so-called ‘fundamental domain’ E of the lattice at hand, that is the
parallelotope with edges b1, . . . , bn, whose volume equals

√
D, where D is the determinant

of the original quadratic form89. Denoting the least distance between two points of the
lattice as δ, Minkowski encapsulates each lattice point within a n-dimensional cube with
edges δ√

n
, so that, each cube having a lattice point as its center, all these cubes are parallel

to one another (cf. Fig. 7 left). By using the Pythagorean theorem, one may then check that
the distance between the lattice point which is the center of a cube and any of its corners
is δ

2 , so that no two cubes are ever overlapping90. Now, by the same visual argument as
the one Hilbert suggests, Minkowski infers that the corners falling inside the fundamental
domain E can be reassembled so as to recompose a full cube but obviously fail to fill out
the whole interior space of the cell E (cf. Fig. 7). Provided now that the least value of the
quadratic form at hand be denoted M (thus with M = δ2), then the geometric fact can be
set down in symbols as the inequality

V ol(E) > V ol(cube) viz.
√

D >

(

δ√
n

)n

By substituting δ with
√

M , Minkowski’s 1889 estimate with squares is then immediately
obtained M < n

n
√

D.
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√
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(ωn)2

Fig. 7. Minkowski’s first and second estimates
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By using spheres instead of squares91, Minkowski obtained an even better estimate in

the general case, viz. M < 4 n

√

D
(ωn)2 , where ωn is the volume of the n-dimensional sphere.

When considering three-dimensional spheres of radius δ
2 constructed around the points of

a three-dimensional lattice (cf. Fig. 7 right), one indeed obtains in a similar way

V ol(E) > V ol(sphere) viz.
√

D >
4π

3

(

δ

2

)3

which immediately provides the upper bound for a positive quadratic form of determinant

1 which Hilbert commented on, viz. M < 3

√

62

π2 .

5. Geometry of numbers

Minkowski’s lattice point theorem, which he himself dubbed the ‘fundamental theorem’ of
the geometry of numbers “for it is present in any investigation pertaining to this field”92,
stems from a generalization of the visual proof Hilbert pointed out. The mere realization
that the seminal argument hinged only on the properties of convexity and symmetry of
the packed up figures allowed a wide broadening of its scope. Nowadays, most of the books
dealing with geometry of numbers as a subfield of number theory favor a diagram-free
proof of Minkowski’s theorem in terms of characteristic functions93 as a consequence of
Blichfeldt’s theorem. However, it remains significant that, when presenting his new field of
research before the international congress of mathematics at Heidelberg in 1904, Minkowski
stressed the visual content of his theorem in continuity with his earlier attempts instead of
favoring from the outset a more encompassing analytical presentation.

Minkowski proceeds by considering an arbitrary lattice in the plane as made up of a tiling
of parallelograms, as was commonly held in number theory at the time in Göttingen circles
after Gauss’s, and later Klein’s, geometrical treatment of quadratic forms. Assuming that x,
y be arbitrary coordinates along two axes upon which a unit measure is chosen, the points
with integral coordinates form what Minkowski calls the Zahlengitter in x, y. This lattice
may be seen as structured in many different ways by a ‘framework’ [Gerüst ] of homothetic
congruent parallelograms with lattice points as their vertices, thus filling in the plane with
no gaps. Assuming moreover that the covering is such that all congruent parallelograms
also fill the plane without overlapping, a homologous domain of area

∫ ∫

dxdy = 1 can be
held to correspond to each lattice point. As a matter of fact, whatever be the congruent
parallelograms with which the plane is to be tiled, their area may be proved equal to the
area of the parallelogram with the origin as one of its vertices and the unit segments along
the two axes as its edges. One then considers as Minkowski does, any convex closed curve
which is symmetrical with its center of symmetry at the origin, with this proviso that the
curve may also comprise rectilinear segments so as to include squares as a particular case.
If the domain circumscribed by this curve is blown up in every direction from the origin
(or respectively shrunk), one obtains the figure in dashed lines which is homothetic to the
original figure, viz. similar and similarly oriented, and contains the origin as the only lattice
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point occurring in the region enclosed, but whose boundary goes through at least one other
lattice point (cf. Fig. 8). Let then the figure in dashed lines be shrunk by a homothetic
transformation with its center at the origin of the lattice and its ratio = 1

2 so as to obtain
the figure in bold lines, and let a homologous domain be constructed around every other
lattice point, so that obviously these domains do not overlap. Minkowski proceeds here
too by relying on a method of proof whose strength lies in its being conveyed by visual
evidence.

But with such a covering of the plane, namely a covering that allows no gap whatsoever, an
area = 1 must correspond on average [in Durchschnitt ] to a lattice point. Hence the domain
circumscribed by the figure in bold lines should be < 1, or respectively = 1, if such a domain
fills in the plane. Now the domain delimited by the curve in dashed lines has an area 6 4.
Assuming this domain is eventually blown up to a homothetic one of area exactly = 4, there
follows the fundamental theorem :

A convex domain whose center of symmetry lies at the origin and whose area is 4 always
contains at least another lattice point.

The formulas accompanying the figure give the analytic expression of this theorem. Let
f(x, y) be a function for which conditions (1) − (4) are satisfied and let J be the area of the
domain f 6 1, then it is always possible to find two integers x, y which are not both null for
which f 6 2√

J
holds. (1) states that f is essentially positive; (2) that f is homogeneous of

degree 1; (3) that the domain f 6 1 has a center of symmetry and that the length associated
with the points of relative coordinates x, y is defined by f(x, y); while eventually (4) states
that the sum of the lengths of two sides of a triangle should never be less than the length of
the third side.94

Obviously, according to the same space-filling scheme used in previous work on quadratic
forms, the area of the domain circumscribed by the curve in bold lines is less than 1,
inasmuch as contained in the unit cell of the parallelogrammatic tiling which is itself
assumed to be of area 1. However, extra insights arising from the interplay of convexity
and symmetry concerns are now to be gained by setting the diagram in motion owing to
expanding and shrinking figures. Minkowski’s diagrammatic reasoning thus combines in an
integrated whole different kinds of visual evidence pertaining to area inclusion, symmetry
and convexity, which the figure visually affords inasmuch as superposing adequate patterns.

b b b

b b b

b b b

f(x, y) :

(1) : f(x, y) > 0, x, y 6= 0, 0, f(0, 0) = 0,

(2) : f(tx, ty) = tf(x, y), t > 0,

(3) : f(−x,−y) = f(x, y),

(4) : f(x1, y1) + f(x2, y2) > f(x1 + x2, y1 + y2),

(5) : f(x, y) 6 1,
∫ ∫

dxdy = J ;

(6) : f(x, y) 6 2√
J

Fig. 8. Zahlengitter and convex figures (Minkowski, 1911, II, p. 44)
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The parallelism between what the figure shows and the corresponding side formulas is
worthy of attention as it brings out the epistemic role that diagrammatic reasoning is to
play in this connection. The formulas supply analytical translations for the properties of
the lattice figure, whether they be assumed or proven, though leaving the demonstrative
inference as such to be more readily provided by the diagram. The fundamental theorem
for instance corresponds to formula (6), namely f(x, y)

√
J 6 2. Since J is assumed to

be the area of the domain delimited by the curve in bold lines, f(x, y)2J 6 4 indeed
means that one can find integers x, y such that a domain of area f(x, y)2J 6 4 contains
a lattice point with corresponding coordinates. Hence any such domain of area greater
than 4 would contain at least one lattice point in addition to the origin. These geometrical
properties being thus regimented in an analytical formulation suggest how the whole proof
could also be handled analytically while making the diagram dispensable. If a full-fledged
analytical proof for the theorem was to be spelled out so as to match the inferential force
presented at first in diagrammatic garb, one would nevertheless have to rely on analytical
assumptions that would prove unwieldier and less perspicuous. It is then no surprise that
Minkowski favored a more vivid sketch in his 1904 address inasmuch as presenting the gist
of his number-theoretic methods to an audience he had to conquer. Diagrams then made it
possible to combine rigor and elegance insofar as providing the key insights in a nutshell,
leaving the analysis to be mentally supplied by trained mathematicians not to be offended
by tedious details.

However, Minkowski’s main argument is at bottom a geometrical one. Hence one might
legitimately wonder if justifying it on purely analytical grounds should be deemed final. In
other words, does the geometric content at first encapsulated in the diagram necessarily
require analysis for its being articulated? Or, more generally, are we faced with forking paths
here? Namely, must we hook the supposedly geometric content of the diagram to bare em-
pirical visual evidence, thus denying it any demonstrative force beyond mere heuristic value,
or must we rely on analysis to confer mathematical content on the diagram by immersing
it in an encompassing formulation that would obscure its geometric character? Minkowski
diagrams thus present us with an apparent predicament akin to what Hallett (1990) called
the “Kronecker dilemma”, from which Hilbert eventually showed how to escape. Geometry
had indeed posed a specific problem in the wake of Gauss’s famous remarks to Bessel,
inasmuch as, “according to the referential view, if geometry is to be about anything at all,
then [Hallett explains] it must have genuine referential content . . . [which in return] can
happen in one of only two ways”95. Geometry may thus presumably be provided with a
content either through a posteriori experience, or through pure analysis - that is, eventually
through considerations involving such objectionable theories, from a Kroneckerian point
of view, as Weierstrass’s, Cantor’s or Dedekind’s theories of continuity. In both cases, it
would seem to follow that geometry is not to be reckoned as pure mathematics on the same
footing as number theory. However, Hilbert’s reference-free view prompted quite another
account of geometry by making clear that geometry can be given an exact axiomatization
which both emancipates it from its dependence on analysis, while at the same time severing
the link to diagrams, which assumedly spoils its purity as a mathematical subject.
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6. The significance of convexity for the foundations of geometry

Insofar as the key visual argument lying at bottom of the whole geometry of numbers
essentially relied on the concept of a convex body, Hilbert underscored the deep connection
between Minkowski’s diagrammatic reasoning on the one hand and both foundational and
axiomatic concerns regarding geometry on the other hand.

A convex (nowhere concave) body is defined after Minkowski as a body which has the property
that the whole straight line joining two of its points also belongs to the body. The significance of
this concept of a convex body for the foundations of geometry lies in the close connection that
holds, as Minkowski acknowledged, between this concept and Euclid’s fundamental proposition
that in a triangle the sum of two sides is always greater than the third side. This Euclidean
proposition which deals merely with elementary concepts immediately borrowed from the
axioms, follows in Euclid from the axiom of the congruence of two triangles. But on the
contrary, one may keep all the axioms of ordinary Euclidean geometry with the exception of
the axiom of triangle congruence, and replace this last one by another axiom which says less,
namely that in a triangle the sum of two sides must be greater than the third. In this way, one
arrives at a geometry which is no other than the geometry which Minkowski has elaborated
and put at the foundations of his geometrical investigations.96

Inasmuch as “the purpose of the foundational investigation (. . . ) is to assess what we
might call the ‘logical weight’ of the axioms and central theorems”97, by submitting the
means of carrying out proofs to a “critical analysis”98, Minkowski’s geometry of numbers
induced Hilbert to initiate axiomatic work about the ‘triangle inequality property’. As
recalled in the passage quoted above, this property is obtained in Euclid as a consequence
of the ‘triangle congruence axiom’, viz. axiom III,5 in Hilbert’s 1899 system, which conjoins
the congruence of segments and the congruence of angles with the assertion that, given
two triangles ABC and A′B′C ′, if the following congruences AB ≡ A′B′, AC ≡ A′C ′ and

B̂AC ≡ B̂′A′C ′ hold, then the congruence ÂBC ≡ Â′B′C ′ also holds. However, Hilbert
(1895) showed that far less than the ‘triangle congruence axiom’ (TCA) is in fact needed
to obtain the ‘triangle inequality property’(TIP), which in return would open the way to
an axiomatic approach to Minkowski’s geometry. As Hallett (2008) pointed out, TCA and
TIP play a crucial role in a cluster of axiomatic investigations pertaining to Desargues’s
theorem99, the so-called ‘isosceles theorem’100 and the ‘three-chord theorem’101. Since,
in these three cases, a theorem which apparently belongs to plane geometry is proved by
making use of spatial means, it is natural to ask whether there might be a proof using
only planar axioms. Starting with ‘purity of method’ concerns, Hilbert thus ended up, as
detailed and explained by Hallett (2008), with a collection of axiomatic results which one
may recapitulate in a synoptic way in the arrays below (cf. Tab. 1 and Tab. 2).

Hilbert’s method consists in building appropriate models so as to establish the required
independence results. In showing that spatial incidence axioms cannot be dispensed with
if the planar Desargues’ theorem is to be proved, Hilbert not only makes clear the sense in
which this theorem may be held to have a ‘spatial content’, but also establishes that “con-
gruence [viz. axiom III,5, or TCA] can replace the spatial assumptions involved in the usual
proof”102 (cf. Tab. 1). Now the ‘isosceles triangle theorem’ (ITT) can be proved essentially
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by making use of TCA applied to the two base angles of the triangle at hand, provided it
is assumed that the congruent triangles can be lifted up from the plane and flipped into
space so as to change their orientation. By distinguishing two different assumptions, namely
‘strong’ and ‘weak’ TCA, depending on whether such flipping is allowed or denied, Hilbert
first showed that weak TCA is not enough to prove ITT and thus investigated which axioms
should be added to weak TCA so as to regain strong TCA and ITT (cf. Tab. 1), namely
both Archimedes theorem (viz. V,1) and a special continuity axiom (Nachbarschaft)103 .

Desargues’ theorem Isosceles Triangle Theorem

Hilbert (*1898/1899) Hilbert (1902/1903) and Hilbert (*1905)
∑planar

:= I,1-2, II
∑

:= I,1-3, II, III,1-4, IV
∑spatial

:= I, II

ITT provable by means of

Desargues unprovable by means of
∑planar,

∑

+ strong TCA

though provable by means of
∑spatial

strong TCA not provable by means of

Every model of
∑

+ weak TCA
∑planar + Desargues

can be embedded in a model of ITT not provable by means of
∑spatial ∑

+ weak TCA

Hilbert (1899) [Theorem 54] strong TCA (and ITT)

Γplanar := I,1-3, II, III,1-4, IV*,V1 provable by means of
∑

+ weak TCA + V,1

Desargues provable + special continuity axiom

by means of Γplanar + strong TCA, [Nachbarschaft ]

and by means of Γplanar+ I,4-8

Tab. 1

In connection with the ‘Three-Chords Theorem’, Hilbert investigates what Hallett (2008)
calls the ‘existence-construction assumptions’ involved in such basic Euclidean properties
as the ‘line-circle property’ and the ‘circle-circle property’104 (which were already men-
tioned above) or the kindred ‘triangle inequality property’ which says that a triangle can
be constructed from three segments which are such that any two of them taken together are
greater than the third. The requirement that the associated coordinate field be Euclidean
proves to be the algebraic condition corresponding to the compass constructions. Hence,
supplementing the usual axiom system with this ‘Euclidean field property’ allows one to
obtain TIP (cf. Tab. 2).
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Three Chords Theorem Triangle Inequality Property

Hilbert (*1898/1899) and Hilbert (*1899) Hilbert (1895)
∑−

:= I,1-8, II,1-4, III,1-4, IV, V,1
∑

:= I,1-8, II,1-4, V*

TIP provable by means of TIP provable by means of
∑−+ Euclideanness Euclid I-16 (‘exterior angle theorem’)

of the associated coordinate field + strong TCA (viz. III,5)

Independence result. One can construct

a model of
∑

and TIP

in which TCA does not hold

Tab. 2

These results thus make clear how much ‘logical weight’ is to be allotted to TCA and
TIP in the general axiomatic framework of Euclidean geometry, especially in regard to the
role in the trade-off between planar and spatial assumptions. However, Hilbert (1895) had
previously shown, in the same vein, that these properties should be demarcated inasmuch
as differing with respect to their level of generality, since the first exclusively belongs to
Euclidean geometry, whereas the second also holds in a range of non Euclidean ones. In
this regard, he constructed a model of what he called a ‘general geometry’ [allgemeine
Geometrie], namely the geometry corresponding to the system of axioms obtained by
discarding the axioms of congruence and parallelism, whereas only retaining the axioms of
incidence (I,1-8), order (II, 1-4) and a specific axiom of continuity (denoted here V*) which
being stronger than the axiom of Archimedes (V,1) though still different from the axiom of
completeness [Vollständigkeit ] introduced later, recalls the Bolzano-Weierstrass theorem105.
With these axioms, an analytic geometry can be elaborated in which, as in projective
geometry, the equation of the plane is linear, viz. ux + vy + wz = 0, thus encapsulating
the incidence of a point (x, y, z) on a plane (u, v,w). Hilbert’s decisive step then consists
in building a mapping from the Euclidean space onto the interior of a convex Euclidean
body by making use of the theory of harmonic points which can be fully developed within
this axiomatic framework.

To any point there correspond three finite real numbers x, y, z and to any plane there cor-
responds a linear relation between these three numbers, in such a way that all the points for
which the linear relation between the three numbers x, y, z holds, are in the plane, while
conversely to any point lying in this plane there corresponds a set of numbers x, y, z for which
the linear relation holds. Besides, if x, y, z are the rectangular coordinates of a point in the
ordinary Euclidean space, then to the points of the original space there correspond the points
in the interior of a certain nowhere concave body of the Euclidean space, and conversely to all
the points lying in the interior of this nowhere concave body there correspond the points of
our original space : hence our original space is mapped onto the interior of a nowhere concave
body of the Euclidean space.106

LocalAxioms-1.tex; 6/04/2011; 23:12; p.32



33

The notion of convexity referred to in this connection is explicitly traced back to
Minkowski’s geometry of numbers.

By a nowhere concave body, one understands here a body such that, given any two points
lying in the interior of the body, the segment between them also falls within the interior of
the body. May I point out that the nowhere concave bodies that present themselves here also
play an important role in the number-theoretic investigations of H. Minkowski (cf. Geometrie
der Zahlen, Teubner, 1895), and that Minkowski has found a simple analytic definition for
them.107

Hilbert then fleshes out his ‘general geometry’ by establishing the equivalence between
both characterizations, namely the axiomatic and the model-theoretic ones.

If, conversely, an arbitrary nowhere concave body is given in the Euclidean space, then this
body defines a determinate geometry, in which all the axioms mentioned above hold : to any
point in the interior of a nowhere concave body corresponds a point in this geometry; to
any line, or plane, in the Euclidean space, which goes through the interior of the body there
corresponds a line, respectively a plane, of the ‘general geometry’ [allgemeine Geometrie];
to the points which lie on the boundary of the nowhere concave body, or outside it, and to
the lines and planes of the Euclidean space which spread completely outside the body, there
corresponds no element of the ‘general geometry’ whatsoever. The above proposition about the
mapping of the points of the ‘general geometry’ onto the interior of a nowhere concave body
of Euclidean geometry hence expresses a property of the elements of the ‘general geometry’
which is contentually completely equivalent [inhaltlich . . . vollkommen gleichbedeutend ] to the
axioms set up in the beginning.108

Drawing on ideas previously developed by Cayley in connection with hyperbolic geom-
etry, Hilbert then defines the distance between two points A and B within the interior of
the convex body in terms of cross-ratios

‖AB‖∗ = log

(

Y A

Y B
.
XB

XA

)

,

where X and Y are the points at which the line passing through A and B meets the
boundary of the convex body (cf. Fig. 9).

Γ

A B

C

D
X Y

X ′ Y ′

Z V

W

T

U

Fig. 9. Hilbert’s model (1895)
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Since Y A
Y B

> 1 and XB
XA

> 1, so is the product, hence the logarithm is always strictly positive,
unless the two points coincide. Hilbert remarks that the formula for ‖AB‖∗ “immediately
tells us how this magnitude depends on the form of the nowhere concave body”109. If the
boundary of the convex body were remolded so as to get closer to the points A and B, the
lengths (in the Euclidean sense) XA and Y B would decrease, hence the distance ‖AB‖∗
would increase.

Three arbitrarily chosen non-aligned points A, B, C in the interior of the convex body
determine a plane which intersects the convex body along an oval closed curve Γ (cf. Fig. 9).
Hilbert’s main goal is then to show that the ‘triangle inequality’ holds for this notion of
distance for any such three non aligned points A, B, C

‖AC‖∗ + ‖BC‖∗ > ‖AB‖∗.

By prolonging the sides of the triangle ABC, the line BC, respectively AC, meets the
boundary of the convex body at the points Z and T , respectively U and V (Cf. Fig. 9).
While the lines UZ and TV meet the line XY at the points X ′ and Y ′, both lines UZ and
TV intersect at the point W lying outside the boundary of the convex body. Assuming
then that the oval closed curve Γ were replaced by the triangle UWT , the lengths ‖AC‖∗
and ‖BC‖∗ would not be changed, since the corresponding lines (AC) and (BC) would still
meet the boundary at the points U, V , respectively T, Z. On the other hand, the length
‖AB‖∗ becomes greater so that, the new length being now denoted ‖AB‖∗∗, one would
have

‖AB‖∗∗ > ‖AB‖∗.
But now the two series of points, X ′, A,D, Y ′ and U,A,C, V on the one hand, and Y ′, B,D,X ′

and T,B,C,Z on the other hand, are perspective from the point W (cf. Fig. 9), and thus
have the same cross-ratio. Hence by a mere sleight of computation that involves just the
properties of cross-ratios and logarithms110, Hilbert proves that

‖AB‖∗∗ = ‖AC‖∗ + ‖BC‖∗

which immediately yields TIP. Hilbert’s model thus suffices to show the intended indepen-
dence result as the model satisfies TIP, but not TCA.

7. From Minkowski’s Geometry to Hilbert’s Fourth Problem

By shedding light on their axiomatic foundations, Hilbert would later assess the exact
import of Minkowski’s geometry with respect to the other geometries, both Euclidean and
non Euclidean.

This Minkowskian geometry is essentially characterized by the following stipulations :
1. Two segments are said to be equal, when one can be brought to coincide with the other

by a parallel translation [in the Euclidean space];
2. The points which are at equal distance from a fixed point O are represented by a

certain closed convex surface of the usual Euclidean space with O as its center of symmetry,
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so that a system of nested convex surfaces generated by homothetic transformation replaces
the concentric spheres of the usual Euclidean geometry.

Insofar as the axiom of parallels holds in the Minkowskian geometry, whereas the triangle
congruence axiom of usual Euclidean geometry is replaced by an axiom which says less, namely
that in a triangle the sum of two sides is greater than the third, the Minkowskian geometry
is the counterpart of the geometry of Bolyai-Lobatchevsky. Just like the latter found fruitful
applications in various mathematical disciplines, in particular in the theory of analytic func-
tions with linear transformations, so the Minkowskian geometry proved to be of overwhelming
significance for number theory.111

The two defining geometric properties mentioned above are to be couched in analytic
terms, so as to grant them full generality. On the one hand, inasmuch as generalizing the
notion of distance, Minkowskian geometry is wholly determined by the choice of a ‘gauging
body’ [Eichkörper ], namely the convex body which fixes the notion of distance. The surface
of the ‘gauging body’ can be represented by an equation in rectangular coordinates in the
corresponding n-dimensional space, viz.

f(x1, x2, . . . , xn) = 1

where f is a homogeneous positive function. Hence the series of nested homothetic surfaces
are obtained by replacing the unit by different scale factors (stipulation 2). On the other
hand, the Minkowskian distance between two points x = (x1, x2, . . . , xn) ∈ Rn and y =
(y1, y2, . . . , yn) ∈ Rn is defined as

d(x,y) = f(x1 − y1, x2 − y2, . . . , xn − yn),

which corresponds to the equality of segments (stipulation 1). Obviously the Minkowskian
distance satisfies the three following conditions, for x,y, z, t ∈ Rn and λ ∈ R :

(1) d(x,y) > 0 if x 6= y, and d(x,x) = 0,

(2) if ‖z − t‖ = λ.‖x − y‖ then d(x,y) = λ.d(z, t),

(3) d(x,y) 6 d(x, z) + d(z,y),

where ‖x − y‖ denotes the usual Euclidean distance. The gist of Minkowski’s approach
in the geometry of numbers then consists in the fruitful interplay between the number-
theoretic lattice and the ‘gauging body’, or as Minkowski says, between the Zahlengitter
and the Eichkörper. When the ‘gauging body’ is assumed to possess a center of symmetry
in addition to its being convex, one obtains in the general case of a n-dimensional space,
the same ‘fundamental theorem of the geometry of numbers’ as in the simpler case of
ellipsoids. However, the very concept of a convex body is not to be thought of as merely
instrumental in Minkowski’s number-theoretic investigations, and, as stressed by Hilbert
(1909), may consistently be held as underpinning the whole of Minkowski’s mathematics.

The conviction that the concept of a convex body, whose application in number theory proved
so successful, has a deep significance, strengthened more and more in Minkowski, and this
concept also forms the link [Binderglied ] between the works where he had an essentially
number-theoretic goal in his mind and his geometric investigations.112
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Drawing on ideas previously introduced by Jordan (1892), Minkowski’s unified view
hinged on a new definition of the concept of the ‘volume’ of a body in terms of the
properties pertaining to the Zahlengitter, rather than the usual analytic way in terms of
multiple integrals. In a paper read at the International Mathematical Congress held in
Chicago, Minkowski (1893) vividly outlined how this concept could be arrived at through
jointly counting discrete lattice points and expanding continuous point sets.

The most important concept with which the Zahlengitter is in connection, is the concept of
the volume of a body; this concept then later forms the foundation for the concept of the triple
integral. One takes each point of the Zahlengitter as the center of a cube with faces parallel to
the coordinate planes and unit edges; . . . One thus obtains a net N of such cubes, which fills
out the whole space without any gaps, and none of the cubes has any of its interior points in
common with another cube. Now let K be any point set spreading out over a finite number of
cubes. Let us now expand [homothetically] in space this point set K from an arbitrary point
p in all directions according to the ratio Ω : 1. Hence from K, one obtains K

p
Ω
. Let then a

p
Ω

be the number of all the cubes of N which are wholly interior to K
p
Ω
, and u

p
Ω

the number of
all the cubes of N which contain at least one point of K

p

Ω
. Now, as Jordan (1892) has shown,

when Ω increases infinitely, Ω−3.a
p
Ω

and Ω−3.u
p
Ω

always converge, independently of p, toward
determinate limit values, namely A and U , which are the interior and the exterior volume of
K, respectively. One talks about the volume of K merely, when A = U .113

The merely visual proof which originally dealt with ellipsoids had to be superseded
by a more abstract one, namely a proof involving the general concept of volume, so that
Minkowski’s ‘fundamental theorem’ could be extended to the n-dimensional case. In this
connection, the deliberate choice to dispense with such questionable analytic concepts
as the concept of a multiple integral, at least at the foundational level, in favor of lattice-
dependent concepts provided the whole geometry of numbers with a consistent arithmetical
basis114. On the other hand, in his geometrical investigations proper, Minkowski set out to
reduce the concepts of length and surface to the very concept of volume which he deemed
“one of the most elementary concepts of the analysis of the infinite”115. As Hilbert (1909)
would later point out, Minkowski obtained such a reduction by performing “a very simple
limiting process”116. Assuming a given curve in space and a sphere of constant radius r

with its center moving along the curve, Minkowski defined the length of the curve as the
quotient of the volume swept by the moving sphere and the area of the circle of radius r,
when r tends to zero. He also proceeded analogously so as to define the area of a curved
surface. By replacing the sphere by an arbitrary convex body, he then arrived at the grand
generalization associated with the concept of a ‘mixed volume’ [gemischte Volumen] of
three bodies, which allowed for deeper insights into traditional geometric matters.

Long before Minkowski obtained such a host of path-breaking results by pursuing his
purely geometric investigations into the theory of convexity, Hilbert acknowledged the
fruitfulness of his approach to geometry and recognized it as determining an axiomatically
well-demarcated realm which he dubbed “Minkowskian geometry”. Hilbert’s 1900 Fourth
Problem, the so-called “problem of the straight line as the shortest distance between two
points”, thus stemmed from the ensuing arrangement of various geometries in a serial order
according to the Euclidean axioms being discarded one after another.
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Another problem relating to the foundations of geometry is this : If from among the axioms
necessary to establish ordinary Euclidean geometry, we exclude the axiom of parallels, or
assume it as not satisfied, but retain all other axioms, we obtain, as is well known, the geometry
of Lobatchevsky (hyperbolic geometry). We may therefore say that this is a geometry standing
next to Euclidean geometry. If we require further that that axiom be not satisfied whereby, of
three points of a straight line, one and only one lies between the other two, we obtain Riemann’s
(elliptic) geometry, so that this geometry appears to be the next after Lobatchevsky’s. If we
wish to carry out a similar investigation with respect to the axiom of Archimedes, we must
look upon this as not satisfied, and we arrive at the non-Archimedian geometries which have
been investigated by Veronese and myself. The more general question now arises : Whether
from other suggestive standpoints geometries may not be devised which, with equal right,
stand next to Euclidean geometry.117

Inasmuch as involving a concept of distance which, being defined by axiomatically fixed
properties, proved more abstract than the concept of Euclidean distance, Minkowski’s
geometry had indeed already hinted at such a privileged standpoint from which new
geometries could be devised as ‘standing next to Euclidean geometry’, by suggesting that
the ‘triangle inequality property’ and the ‘triangle congruence axiom’ should be recognized
as independent. Hilbert thus resumes his line of thought by rehearsing the upshot of his
previous axiomatic investigations.

Here I should like to direct your attention to a theorem which has, indeed, been employed
by many authors as a definition of the straight line, viz. that the straight line is the shortest
distance between two points. The essential content of this statement reduces to the theorem
of Euclid that in a triangle the sum of two sides is always greater than the third side - a
theorem which, as is easily seen, deals solely with elementary concepts, i.e., with such as are
derived directly from the axioms, and is therefore more accessible to logical investigation.
Euclid proved this theorem, with the help of the exterior angle, on the basis of the congruence
theorems. Now it is readily shown that this theorem of Euclid cannot be proved solely on the
basis of those congruence theorems which relate to the application of segments and angles,
but that one of the theorems on the congruence of triangles is necessary. We are asking, then,
for a geometry in which all the axioms of ordinary Euclidean geometry hold, and in particular
all the congruence axioms except the one of the congruence of triangles (or all except the
theorem of the equality of the base angles in the isosceles triangle), and in which besides, the
proposition that in every triangle the sum of two sides is greater than the third is assumed as
a particular axiom.118

As seen above, this last geometry is nothing else than Hilbert’s “Minkowskische Geome-
trie”119, namely the geometry Hilbert took to underlie Minkowski’s Geometry of numbers.
The relationship between the axiomatic geometry thus obtained by discarding the trian-
gle congruence axiom on the one hand, and the fast-growing research field originating
in Minkowski’s geometric investigations on convexity, now known as “Minkowski geome-
try”120, or “Brunn-Minkowski theory”121, on the other hand, should be investigated in
much more detail than is possible here, and so will be dealt with more at length in
a forthcoming companion paper. Let us provisionally put this issue aside for the time
being and simply admit that there are compelling reasons to demarcate sharply these two
instances with the two corresponding labels, “Minkowskian geometry” and “Minkowski
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geometry” respectively, whereas the phrase “Minkowski’s geometry” is used to refer to
Minkowski’s own achievements, inasmuch as partly immersed in number theory, partly
connected with far-reaching convexity theory. Still, if Hilbert’s original presentation is to
be retained, the axiom of parallels remains as something that can be jettisoned, which
allows for another step.

In Minkowskian geometry the axioms of parallels also holds. By studying the theorem of the
straight line as the shortest distance between two points, I arrived at a geometry in which the
parallel axiom does not hold, while all other axioms of Minkowskian geometry are satisfied.
The theorem of the straight line as the shortest distance between two points and the essentially
equivalent theorem of Euclid about the sides of a triangle, play an important part not only
in number theory but also in the theory of surfaces and in the calculus of variations. For this
reason, and because I believe that the thorough investigation of the conditions of validity of
this theorem will throw a new light upon the idea of distance, as well as upon other elementary
ideas, e.g. upon the idea of the plane, and the possibility of its definition by means of the idea
of the straight line, the construction and systematic treatment of the geometries here possible
seem to me desirable.122

Minkowski’s geometry of numbers thus launched Hilbert’s axiomatic inquiry into the
‘triangle inequality property’, which led him in return to build his 1895 model for the
whole class of what he dubbed allgemeine Geometrien, later known as “Hilbert geometries”,
namely those geometries envisaged above (cf. §6) which are completely determined by
the choice of a convex body in the Euclidean space. From an axiomatic point of view,
“Hilbert geometries” are those which satisfy the following axioms I, II, III 1-4, TIP,
V (according to Hilbert’s 1899 nomenclature), whereas “Minkowskian geometries” are
those which also satisfy the axiom of parallels (viz. IV) in addition to the previous ones.
“Minkowskian geometry” thus arose as an axiomatized theory, which would later be more
readily characterized, in the Pogorelov (1979) top-down way, as the theory one gets out of
the axioms of Euclidean geometry, by omitting all the axioms relying on the concept of an
angle123, while enlarging the resulting system with the triangle inequality property. The
success of the axiomatic characterization of these two kinds of geometries then suggested
as an open problem the systematic investigation of all the geometries that satisfy TIP,
whether they generalize Euclidean, hyperbolic or elliptic geometry. However, inasmuch as
pertaining to such different fields as the foundations of geometry, the calculus of variations
and differential geometry, Hilbert’s Fourth Problem proved to involve far too much to allow
for the kind of solution Hilbert had in mind, as was later realized.

The Fourth Problem concerns the geometries in which the ordinary lines, i.e. the lines of n-
dimensional (real) projective space Pn or pieces of them are the shortest curves or geodesics.
Specifically, Hilbert asks for the construction of all these metrics and the study of the individual
geometries. It is clear from Hilbert’s comments that he was not aware of the immense number of
these metrics, so that the second part of the problem [viz. the systematic treatment of all these
geometries ] is not a well posed question and has inevitably been replaced by the investigation
of special, or special classes of, interesting geometries.124

Although the original formulation of the Fourth Problem suggested that foundational
issues were of primary concern in Hilbert’s view, later mathematical developments arising
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from it not only demonstrated that the problem dealt mainly with integral geometry and
inverse problems in the calculus of variations125, but also revealed the non-categoricity
of Minkowskian geometry as an axiomatized theory126. Pogorelov’s solution to Hilbert’s
Fourth Problem will be addressed in a broader perspective in the companion paper, with
regard to categoricity and completeness issues. It should suffice here to note that Pogorelov
sharpened the formulation of the problem by stating it in the following way : “Find to within
an isomorphism all realizations of the axiom systems of the classical geometries (Euclidean,
Lobachevskian and elliptic) if, in these systems, we drop the axioms of congruence involving
the concept of angle and supplement the systems with the ‘triangle inequality’ regarded as
an axiom.”127 The whole problem thus boiled down to finding a way to determine all
the so-called Desarguesian metrics in projective space, that is those metrics for which
the geodesics are straight lines. Pogorelov worked out a method previously devised by
Busemann for constructing such Desarguesian metrics. It uses a non-negative completely
additive set function on sets of planes to define the length of a segment as the value of this
function on the set of planes that intersect the segment. Within this framework, Pogorelov
could substantially improve on the results that Hamel (1901, 1903) had obtained under
Hilbert’s supervision, in the immediate aftermath of the 1900 Paris address, inasmuch as
he provided the means to determine, up to isomorphism, all the models of Minkowskian
geometry.

8. Conclusion

Bringing out proper local axioms for geometrical theorems proved a major driving force
behind Hilbert’s axiomatic investigations. From this perspective though, it still remains to
be explained to what extent this goal could be attained as regards Minkowski’s diagram-
based reasoning in the Geometry of numbers. Insofar as Hilbert stressed the requirement
that geometry be made independent of both diagrams and analysis, his pursuing the
axiomatic enterprise meant, in this case, providing axioms128 that would hold in three-
sorted structures (viz. structures involving “points”, “lines” and “planes”) supplemented
with the relevant relations, inasmuch as these axioms can be distilled out of Minkowski’s
analytical presentation. However, one might suspect that, though at first intended as a
framework fit for the “logical analysis” of such diagrammatic reasoning, “Minkowskian
geometry” would in fact only afford a coarse axiomatic characterization for it, whereas
a fine-grained dissection of the intricate (otherwise hidden) interactions between order,
metric and convexity relations would be needed so as to match Minkowski diagrams.
There is no need to go further than a very first steps to encounter the first puzzling
issues. Minkowski considers convex bodies whose area or volume is taken for granted, while
expanding, shrinking, doubling or halving them, depending on the needs of the proof.
Prior to the issues that involve the volume concept which, as suggested above, was to be
completely rethought in the context of “Minkowski geometry”, the more basic concept of
area already raised serious concerns. One should indeed recall in this regard that Hilbert
(1899) had built his theory of polygonal areas129 upon the triangle congruence axiom (III

LocalAxioms-1.tex; 6/04/2011; 23:12; p.39



40

5), that is precisely the axiom that is put aside in “Minkowskian geometry”. Defining
the area concept proves even more convoluted in contemporary “Minkowski geometry”
than might have been expected in the first place, inasmuch as competing alternative
definitions present themselves to us as natural candidates. One then wonders to what
extent Minkowski’s original visual argument may still be held as a sound one, inasmuch as
making indispensable use of the concept of area, while relying on a presumably Euclidean
model of “Minkowskian geometry”. Obviously soundness is unquestionable here. Hence
one might guess that it is not the full-fledged Euclidean area concept which is relied on
in Minkowski diagrams, but only specific properties of areas that would be axiomatized
within a general theory containing both Euclidean and “Minkowskian geometry”as special
cases. Hilbert’s Grundlagen der Geometrie may be envisaged not only as the culmination
of classical geometry, but also as the starting point of a new way to practice geometry,
namely axiomatic geometry, which would later flourish by both providing the incentive for
the creation of new geometries130 and prompting ever refined insights into the old ones.
In this sense, later results may prove useful insofar as shedding light on our current issue.
While working in a lattice-theoretic perspective, Lesieur (1958) for instance showed that
ratios of areas (and also ratios of volumes) might be, in some cases, considered as affine
notions inasmuch as displaying properties that can be given an exact algebraic formulation
within an affine framework.

As will be spelled out more at length in the companion paper already referred to,
Minkowski’s main diagram-based argument, namely his fundamental theorem that a cen-
trally symmetric convex body, centered at a lattice point and greater in volume than
the lattice cell, must contain another lattice point, can then be restated (at least in the
two-dimensional case with convex bodies being symmetric quadrilaterals) so that it holds
in any ordered Desarguesian affine plane over a skew field, aptly supplemented with a
“content-function” and an “orientation-function”131 where both concepts are governed
by appropriate axioms. Results by Lesieur (1958, 1966) and Junkers (1966) may thus be
mustered so as to turn Hilbert’s view of diagrams as “drawn formulas” into an exact
statement, hence completing, in this decisive case, the “logical analysis of our spatial
intuition” that the axiomatic method required from the outset, while at the same time
illuminating the conceptual compatibility concerns that Hilbert sought to put forward
with Minkowski diagrams. It will suffice here to outline the key insights underlying these
results. As Artin (1957) clearly explained, the drive toward coordinatization was to lead
ultimately to a host of fascinating representation theorems, inasmuch as the features of a
geometry were to be successfully encoded in the algebraic properties of a corresponding
algebraic structure. Hilbert already had established that the incidence axioms together
with Desargues’ theorem taken as a further axiom allows us to introduce coordinates that
are element of a skew field, whereas conversely as Bernays notes it in his supplement to the
ninth edition of the Grundlagen der Geometrie (1930), one can develop the affine geometry
over any skew field as an analytic geometry. If Pappus’s theorem is now substituted for
Desargues’ property, the geometry one deals with is equipped with a simple geometric
configuration which is equivalent with the multiplication being commutative, hence one can
achieve coordinatization within a field. Since Hilbert’s time, these representation theorems
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have been greatly refined starting with ternary rings up to full-fledged fields (cf. for instance
(Pickert, 1955), (Blumenthal, 1961), (Heyting, 1963), (Szmielew, 1983)), thus providing the
means for better adjusting the axiomatic framework so that the geometric properties are
algebraically mirrored. On the other hand, Lesieur (1958) opened up new horizons by
remarking that the orientation of pairs of points (“vectors”) upon a line is characterized
by certain key properties that can be traced back to the multiplicative group {−1, 1},
and thus encoded in the corresponding group axioms. By generalizing this observation to
any multiplicative group, whether it be abelian or not, Lesieur then elaborates what he
calls “an algebraic theory of the measure of the simplices”132. He later showed (1966) that
two further properties of parallelism and linearity can be imposed on this content-function
so as to guarantee the corresponding group being abelian133, and thus proves that one
can always axiomatically define such a content-function for any Desarguesian affine plane.
Since on the other hand Junkers (1966) also proved that, under certain provisos, one can
define an order-function starting with a given content-function, all the means required for
our present purpose can be accommodated within the framework of a Desarguesian affine
plane134.

Two conclusive remarks should be made. Firstly, it is to be stressed that Minkowski’s
diagram-based reasoning exploited the whole range of possibilities afforded by convex bod-
ies, whereas the axiomatization just outlined only fits the special case of convex symmetric
quadrilaterals in Desarguesian affine planes. To my knowledge, further extending the ax-
iomatic framework so as match the full generality of Minkowski diagrams remains an open
problem, though many ingredients for a tentative solution are scattered in the literature.
This issue is to be dealt with in a further paper. Secondly, despite these limitations, if
one nevertheless focuses on the partial realization of this program, as outlined above,
the success of the axiomatization enterprise may legitimately be held to both fulfill and
illustrate Hilbert’s view of diagrams as “drawn formulas”, as he had envisioned in his
Paris address in connection with Minkowski diagrams. Showing how partial axiom systems
admit of an exact interlocking so as to capture properties involving orientation and area
ratios properties within an affine framework, indeed provides a privileged instance of what
Hilbert called the “deepening of the foundations”. In this way, Minkowski’s arithmetic-
geometric mix is eventually justified and explained away by its “deeper ground” being
displayed through a single underlying axiomatization, while geometric means are proved
conceptually compatible with number theory.
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3(Bernays, 1922, p. 191).
4(Bernays, 1922, p. 192).
5(Bernays, 1922, p. 192).
6(Hilbert & Bernays, 1934, p. 1-2).
7(Hilbert, 1900b, p. 329/436). The translation here is taken from (Hallett, 1994, pp. 168-169).
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(Corry, 2004) and (Majer & Sauer, 2005).

9Klein to Pauli, May 8, 1921, quoted by (Corry, 2004, p. 436).
10(Corry, 2004, p. 333).
11As is well-known, in considering Weyl’s theory as irremediably impaired by excessive and uncontrolled

idealizing, Hilbert wittily disparaged it as “Hegelian physics” (Hilbert, *1919/1920, p. 71 & 100).
12Einstein did not oppose recourse to a variational principle as such as a means to derive field equations.

He had himself explored this possibility already in 1913 and would later try it again in 1916. Rather
what Einstein pointed out as unsatisfactory in Hilbert’s axiomatization was the mixing of Mie’s theory of
matter with general relativity, which in his view lacked sufficient physical support, though achieved with
mathematical virtuosity. “Hilbert’s assumption about matter [Einstein explains] appears childish to me,
in the sense of a child who does not know of the tricks of the world outside. . . . At all events, mixing the
solid considerations originating from the relativity postulate with such bold, unfounded hypotheses about
the structure of the electron or matter cannot be sanctioned. I gladly admit that the search for a suitable
hypothesis, or for the Hamiltonian function for the structural make-up of the electron, is one of the most
important tasks of theory today. . . . The ‘axiomatic method’ is of little use here, though.” [Einstein to
Weyl, November 23, 1916, cf. (Einstein, 1998, Doc. 278).] In this respect, Eddington would later attempt at
accommodating Hilbert’s variational derivation of field equations to Einstein’s higher demands on physical
theories, by steering a middle course between Hilbert and Weyl, to Einstein’s satisfaction, cf. (Smadja,
2010).

13(Hilbert, 1918, p. 151).
14(Hallett, 1994, p. 170-171.).
15Cf. (Hallett, 1994, p. 171) : “Vertäglichkeit in its strongest sense is deeply involved in the Hilbert

enterprise; it is intended, in short, to guarantee the interconnectedness of mathematics, the integrability
of new theories. Minkowski’s work on the “geometry of numbers” shows exactly the fruitfulness of the
investigations of the kind that Hilbert had in mind, of the interrelations between apparently disparate
domains, of the way that various propositions of our theory fit together, either with each other or with
propositions of the other domain, and which axioms are essential for the proving of a given theorem and
which not.”

16(Hilbert, 1900b, p. 293/409).
17(Hilbert, 1900b, p. 293/409).
18(Hilbert, 1900b, p. 293/409), my emphasis.
19Cf. (Hallett, 1995, p. 149).
20On Hilbert’s mature view of completeness, (Hallett, 1995, p. 150); on Hilbert’s statement of Post-

completeness predating Post (1921), cf. (Hallett, 1995, footnote 36, p. 176-177) and (Zach, 1999).
21(Hilbert, 1900b, p. 296/411).
22(Hilbert, 1900b, p. 296/411).
23(Hilbert, 1900b, p. 295/410).
24(Hilbert, 1900b, p. 295/410-411), my emphasis.
25(Hilbert, 1918, p. 146).
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26(Hilbert, 1918, p. 147).
27See (Mach, 1883/1919, p. 33), for a historical account of the attempts to achieve an abstract formulation

of this principle.
28The first fundamental form is obtained as the ordinary scalar product in three-dimensional space

canonically inducing the scalar product on the tangent space attached to each point-surface.
29Cf. (Gauss, 1827a, p. 344-345) : “These propositions lead to the consideration of the theory of curved

surfaces from a new point of view, from which a wide and still uncultivated field is open to investigation. If
we consider surfaces not as boundaries of bodies, but as bodies of which one dimension vanishes, and if at
the same time we conceive them as flexible but not extensible, we see that two essentially different relations
must be distinguished, namely, on the one hand, those that presuppose a definite form of the surface in
space; on the other hand, those that are independent of the various forms which the surface may assume.
The discussion is concerned with the latter. In accordance with what has been said, the measure of curvature
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Cf. (Hilbert, 1900b, Translation by Mary Winston Newson, p. 411 ). The French translation by L. Laugel
of this passage is more faithful to the German : “L’application des symboles géométriques comme méthode
rigoureuse de démonstration présuppose la connaissance exacte des axiomes qui sont à la base de ces figures,
et la possession complète de ces axiomes; pour que ces figures géométriques puissent être incorporées dans le
trésor général des symboles mathématiques, une discussion axiomatique rigoureuse de leur contenu intuitif
est de toute nécessité”.

34(Hilbert, 1900b, p. 295/411). Here and in the following, references are given to the German text first,
then to the English translation by Mary Winston Newson from which our translation differs on significant
points.

35Cf. (Hallett, 1995, p. 164) for a comment on this passage of (Hilbert, *1910, p. 159).
36Cf. (Hallett, 1994, p. 184) for a comment on the well-known passage from (Hilbert, 1922, p. 202) :

“. . . as a precondition for the application of logical inferences and for the activation of logical operations,
something must already be given in representation [in der Representation]: certain extra-logical discrete
objects, which exist intuitively as immediate experience before all thought. If logical inference is to be
certain, then these objects must be capable of being completely surveyed in all their parts, and their
presentation, their difference, their succession (like the objects themselves) must exist for us immediately,
intuitively, as something that cannot be reduced to something else. Because I take this standpoint, the
objects [Gegenstände] of number theory are for me - in direct contrast to Dedekind and Frege - the signs
themselves, whose shape [Gestalt ] can be generally and certainly recognized by us - independently of space
and time, of the special conditions of the production of the sign, and of insignificant differences in the finished
product. The solid philosophical attitude that I think is required for the grounding of pure mathematics -
as well as for all scientific thought, understanding and communication - is this : In the beginning was the
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37(Hilbert & Bernays, 1934, p. 2).
38(Hilbert, 1922, p. 202).
39(Hallett, 1995, p. 136).
40(Hilbert, 1900b, p. 296/411).
41(Bernays, 1946, p. 321-23/85-87); pagination numbers refer to the French Synthese paper first, then to

Bernays’s own German translation in (Bernays, 1976). When it is useful, we refer in brackets to Bernays’
formulations in French and in German.

42(Bernays, 1946, p. 323/87).
43(Bernays, 1946, p. 324/89).
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44Cf. (Hilbert, 1922) for a detailed account of this sign arithmetic, and (Hallett, 1995, p. 171-172) for a
comment on the “number concept” thus implied.

45(Bernays, 1946, p. 325/90).
46(Minkowski, 1891b, p. 264).
47Cf. (Hilbert, *1898/1899, p. 236) and (Hallett, 2008, p.201) for translation and comment.
48 (Hilbert, 1918, p. 147).
49 (Hilbert, 1918, p. 146).
50 (Hilbert, 1918, p. 147).
51(Weber, 1893, p. 521). It is often said that Steinitz (1910) is the real starting point of the abstract

algebraic point of view in the sense of van der Waerden’s Moderne Algebra, inasmuch as “Steinitz is the
first who studied the structure of fields with complete generality” (van der Waerden, 1973, p. 244). But it
should be noted that Steinitz explicitly refers to Weber (1893) as initiating “the abstract and general way”
in which he himself takes the field concept. “Whereas Weber aims [as Steinitz warns] at a treatment of
Galois theory, which is both general and independent of the numerical import of the elements, the concept
of field itself lies at the center of our interest.” (Steinitz, 1910, p. 167).

52(Weber, 1893, p. 521).
53Ibid.
54Ibid.
55(Edwards, 1974, p. 22).
56Cf. (Edwards, 1974, chap. 1) for a detailed account of Riemann’s 1859 paper.
57(Hallett, 2008, p. 212).
58(Hilbert, *1893/1894, p. 60), quoted and commented on by (Hallett and Majer, 2004, p. 104).
59This passage from Hilbert 1921/1922 lectures is quoted and commented on by (Hallett, 2008, p.212).
60Cf. (Hallett and Majer, 2004, p. 169). Hilbert’s construction obviously presupposes that one can draw a

parallel through a given point to a given line, and a perpendicular to a given line, with the ruler and segment-
mover alone. These constructions are spelled out in (Hilbert, 1899, chap. VII). Drawing a perpendicular to
a given line through a given point on this line then requires two steps, first constructing a perpendicular to
the line, then drawing the parallel to the line thus obtained through the given point. It is now known that
an equilateral triangle can be constructed on the basis of the order and congruence axioms alone, without
taking recourse to the parallel postulate, as shown in (Pambuccian, 1998).

61(Hallett, 2008, p. 241).
62In an early version of Hilbert’s system, the axiom group V comprised the sole axiom of Archimedes,

hence the axiom system is here to be understood without the Vollständigkeit axiom.
63(Hallett, 2008, p. 245-6).
64Cf. (Hallett, 2008, p. 243) and note 43 for a sketch of Hilbert’s proof which requires a good deal of

ingenuity.
65(Hallett, 2008, p. 246-7).
66(Hallett, 2008, p. 247).
67Cf. (Sommer, 1899/1900, p. 291) : “While this formulation of the axiom [of Archimedes] enables us to

define the equality of segments in the sense of the general projective measurement, it does not involve the
continuity of the straight line in the ordinary sense; it only furnishes a condition necessary for an algebra of
segments. It would be best to avoid in this connection the use of the term continuity altogether; indeed the
axiom of Archimedes does not relieve us from the necessity of introducing explicitly an axiom of continuity,
it merely makes the introduction of such an axiom possible. Thus, for the whole domain of geometry,
Professor Hilbert’s system of axioms is not sufficient. For instance, while it follows from this system that
a circle and a straight line have in common two points, or one point, or no point, it would be impossible
to decide geometrically whether a straight line that has some of its points within and some outside a circle
will meet the circle; in other words, it remains undecided whether or not the circle is a closed figure. It also
follows, for instance, that a right-angled triangle cannot in general be constructed from the hypotenuse and
one side.”
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68(Hallett and Majer, 2004, p. 169).
69As he traces back the analysis of human proofs in terms of discipline and initiative to Turing’s report

on Intelligent Machinery from 1948, (Sieg, 2009, p.13) underscores that similar views can be found in
(Hilbert, *1919/1920, p. 5) : “If this view were correct [viz. mathematics consisting of tautologies grounded
in definitions], mathematics would be nothing but an accumulation of logical inferences piled on top of
each other. There would be a random concatenation of inferences with logical reasoning as its sole driving
force. But in fact there is no question of such arbitrariness; rather we see that the formation of concepts in
mathematics is constantly guided by intuition and experience, so that mathematics on the whole forms a
non-arbitrary, closed structure”.

70(Sieg, 2009, p. 14).
71(Sieg, 2009, p. 14).
72(Sieg, 2009, p. 16).
73Actually, Sieg (2009) comments on a colorful diagram taken from Byrne’s edition of the six books of

the Euclidean Elements, London, 1847, which makes easier to pinpoint which areas are equal.
74(Sieg, 2009, p. 16-17).
75(Hilbert, 1909, p. x).
76The notation for binary quadratic forms fluctuated somewhat over the years. Whereas Lagrange used

the notation ax2 + bxy + cy2, Gauss and Dirichlet favored a notation with an even middle coefficient, viz.
Ax2 + 2Bxy + Cy2, before Dedekind eventually came back to Lagrange’s notation which he deemed more
convenient to make the relations between quadratic forms and quadratic fields perspicuous.

77To each quadratic form ax2 + bxy + cy2, one can associate a parabola v = au2 + bu + c in the two-
dimensional plane-uv. Depending on whether D = b2 − 4ac > 0 or < 0, the parabola does, or does not,
intersect the u-axis.

78A quadratic form (a, b, c) is said to go into a new one (a′, b′, c′) under a transformation T =

(

α β

γ δ

)

,

if ax2 + bxy + cy2 = a′x′2 + b′x′y′ + c′y′2 with

{

x = αx′ + βy′

y = γx′ + δy′ , α, β, γ, δ ∈ Z which can be denoted

(a, b, c)

T=

(

α β

γ δ

)

−→ (a′
, b

′
, c

′)

According as ∆ = αδ − βγ is positive or negative, the form (a, b, c) is then said to contain properly, or
improperly, the form (a′, b′, c′). When understood as sets of integers, a form indeed contains the other in
the sense of set inclusion.

79Proper and improper equivalence between forms correspond respectively to the cases det(T ) = 1 and
det(T ) = −1. Lagrange’s theory of reduction dealt with proper equivalence mainly, inasmuch as improper
equivalence boils down to giving a last twist to proper equivalence.

80Lagrange’s conditions emerge by themselves from the attempt to sort out the forms in equivalence
classes. A reduced form of determinant D < 0 is a form (a, b, c) such that |b| 6 |a| 6 |c|. Every quadratic
form f is (properly) equivalent to a reduced form (a, b, c) of the same determinant D < 0 such that f

reduces to (a, b, c) by a sequence of unimodular transformations. But the group of such transformations,
namely SL2(Z) is generated by the following transformations

(a, b, c)

S=

(

0 −1
1 0

)

−→ (c,−b, a), (a, b, c)

Tu=

(

1 u

0 1

)

−→ (a, b + 2au, c + bu + au
2)

which allow us to modify the coefficients of the forms without impairing equivalence so as to eventually
match Lagrange’s conditions |b| 6 |a| 6 |c|.

81The set of reduced quadratic forms of a given determinant D < 0 is finite, since D = b2 − 4ac implies

|a| 6

√

|D|
3

. Starting with a = b2−D
4c

and assuming the Lagrange’s conditions |b| 6 |a| 6 |c|, one infer that
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|a| 6
|b|2+|D|

4|bc|
6

|a|2+|D|
4|bc|

, then 4|a|2 6 |a|2 + |D|, hence |a| 6

√

|D|
3

. For a given value of D, there are only

a finite number of values for a, and since |b| 6 |a|, there are also a finite number of values for both a and b,
and hence for all three coefficients since the value of c is determined as soon as a and b are fixed. One can
then easily compute the system of reduced forms for each given determinant D < 0.

82Cf. (Goldman, 1998, p. 161) for a schema of Lagrangian reduction for the case D < 0.
83(Zassenhaus, 1975, p. 450).
84(Hilbert, 1909, p. x).
85(Hilbert, 1909, p. xi).
86Cf. (Hermite, 1850, p. 103) for the original proof and (Scharlau & Opolka, 1985, p. 153) for a modern

presentation of Hermite’s estimate and a reconstruction of Minkowski’s ensuing results.
87Consider two distinct bilinear spaces (L,b) and (L′,b′), where L and L

′ are lattices in R
n and b and

b′ are the corresponding symmetric bilinear forms. The transformation α which maps (e1, e2, . . . , en) onto
(b1, b2, . . . , bn) is such that the following identity holds for any x =

∑n

i=1
xiei ∈ L and y =

∑n

i=1
yiei ∈ L,

b (x, y) = b

(

n
∑

i=1

xiei,

n
∑

j=1

yjej

)

=
∑

ij

xiyjb(ei, ej) =
∑

ij

xiyjb
′(α(ei), α(ej))

=
∑

ij

xiyjb
′(bi, bj) = b

′

(

n
∑

i=1

xibi,

n
∑

j=1

yibj

)

Therefore one can equivalently deal with a rectangular lattice with an arbitrary positive quadratic form or
with an arbitrary parallelogrammatic lattice with the Euclidean quadratic form.

88Recall that the distance between any two points of the lattice L
′ embedded in the Euclidean plane can

be brought back by translations to the distance of a lattice point to the origin.
89 The gist of the proof may be outlined in this way. Assuming that the basis associated with L be

the standard rectangular unit vector basis of R
n, viz. (e1, e2, . . . , en), and that the basis of L

′ be denoted
(b1, b2, . . . , bn), the transformation α of matrix A = (aij) maps each vector ei onto the vector bi, for every
i = 1, . . . , n, so that bi corresponds to the ith row of the matrix A

b1 = e1.A = (1, 0, . . . , 0)







...
. . . aij






= (a11, a12, . . . , a1n)

Now the volume the parallelotope E with edges b1, . . . , bn is given by the ‘determinant principle’

V ol(E) = |det(b1, b2, . . . , bn)| =

∣

∣

∣

∣

∣

∣

∣

∣

a11 a21 . . . an1

a12 a22 . . . an2

...
...

...
a1n a2n ann

∣

∣

∣

∣

∣

∣

∣

∣

=
∣

∣A
t
∣

∣

where At is the transpose of A = (aij). The determinant of the quadratic form b(x, x) is defined as
the determinant of the matrix B associated with the corresponding symmetric bilinear form b(x, y), viz.
det(B) = D. Inasmuch as both bilinear spaces are isomorphic, one has B = A.In.At, then obviously
det(B) = (det(A))2, from which one infers that V ol(E) =

√
D.

90Cf. (Scharlau & Opolka, 1985, p. 157) for a detailed presentation of Minkowski’s proof.
91Both methods with squares and with spheres are described in (Minkowski, 1891a), cf.“§6. Von dem

Minimum einer wesentlich positiven quadratischen Form”, p. 254-256.
92(Minkowski, 1904, p. 43)
93Cf. for instance (Weyl, 1942, p.76-80 ) for the fruitfulness of the approach to the geometry of numbers in

terms of characteristic functions : “This note consists in two parts, the first stating Minkowski’s problem in
terms of characteristic functions φ which are capable of two truth values 0 and 1 only, and then generalizing
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it to probability functions that move in the range 0 6 φ 6 1”. And further : “(. . . ) our proof is nothing
but a neat analytical form of the simplest argument by which that principle has been proved”[namely
the principle established by (Blichfeldt, 1914)]. For a modern presentation of Minkowski’s theorem as a
consequence of Blichfeldt’s theorem, cf. (Hlawka, 1991, p. 47-48).

94(Minkowski, 1904, p. 43-44).
95(Hallett, 1990, p. 209).
96(Hilbert, 1909, p. XI).
97(Hallett, 2008, p. 200).
98(Hilbert, *1898/1899, p. 236), quoted by (Hallett, 2008, p. 201).
99Cf. (Hallett, 2008, p. 222) : “Suppose given two triangles △ABC and △A′B′C′, not in the same plane,

which are so arranged that the lines AA′, BB′, CC′ meet at a point. Desargues’ Theorem then says that
the three points of intersection generated by the three pairs of straight lines AB and A′B′, BC and B′C′,
AC and A′C′ themselves lie on a straight line. Intuition might be said to play a role from the beginning,
since it is very easy to ‘see’ the correctness of the theorem; the intersection points must all lie in the planes
of both triangles, and these planes intersect in a straight line.”

100Cf. (Hallett, 2008, p. 229), the ‘isosceles theorem’ says that the base angles in an isosceles triangle are
equal, or equivalently that a triangle whose two base angles are equal is isosceles.

101Cf. (Hallett, 2008, p. 239), the ‘Three-Chords Theorem’ says that the three chords generated by three
mutually intersecting circles, all three lying in the same plane, always meet at a common point.

102Cf. (Hallett, 2008, p. 226).
103Cf. (Hallett, 2008, p. 232 ).
104In this connection, one ought to mention that the line-circle property and circle-circle intersection

axioms were shown equivalent in an absolute setting by Strommer (1973).
105Cf. (Hilbert, 1895, p. 92) : “If A1, A2, A3, . . . is a sequence of points on a line a and B a further point

on a such that Ai lies between Ah and B, provided the index h is less than i, then there is a point C with
the following property : all the points of the infinite sequence A2, A3, A4, . . . are between A1 and C, and
any other point C′ satisfying the same property, is between C and B.”

106(Hilbert, 1895, p. 92).
107(Hilbert, 1895, p. 92-93).
108(Hilbert, 1895, p. 93).
109(Hilbert, 1895, p. 94).
110Hilbert’s computation may be outlined as follows. Since two series of points, X ′, A, D, Y ′ and U,A, C, V

on the one hand, and Y ′, B, D, X ′ and T, B, C,Z on the other hand, are perspective from the point W ,
they have the same cross-ratio, therefore

Y ′A

Y ′D
.
X ′D

X ′A
=

V A

V C
.
UC

UA
and

X ′B

X ′D
.
Y ′D

Y ′B
=

ZB

ZC
.
TC

TB
,

which can be multiplied terms by terms

Y ′A

Y ′B
.
X ′B

X ′A
=

(

V A

V C
.
UC

UA

)

.

(

ZB

ZC
.
TC

TB

)

,

so that by taking the logarithms, one obtains

log

(

Y ′A

Y ′B
.
X ′B

X ′A

)

= log

(

V A

V C
.
UC

UA

)

+ log

(

ZB

ZC
.
TC

TB

)

,

namely ‖AB‖∗∗ = ‖AC‖∗ + ‖BC‖∗.
111(Hilbert, 1909, p. XI-XII).
112(Hilbert, 1909, p. XVIII).
113(Minkowski, 1893, p. 272).
114Cf. (Minkowski, 1893, p. 273-274) for a derivation of the ‘fundamental theorem’ of the geometry of

numbers within this theoretical framework.

LocalAxioms-1.tex; 6/04/2011; 23:12; p.47



48

115(Minkowski, 1901a, p. 115/122).
116(Hilbert, 1909, p. XIX)
117(Hilbert, 1900b, p. 302/415-416).
118(Hilbert, 1900b, p. 302-3/416).
119Cf. (Hilbert, 1909, p. XI).
120Cf. (Thompson, 1996, Preface, p. ix-x) for a justification of the label “Minkowski geometry”.
121Most of current convexity theory revolves around the so-called “Brunn-Minkowski inequality”, which

resulted from Minkowski’s investigations on the “mixed volume” on the one hand and the convergent,
though at first independent, work by Brunn (1887), being conflated into one single research field. Cf.
(Schneider, 1993), (Thompson, 1996).

122(Hilbert, 1900b, p. 303/416).
123Pogorelov (1979) somewhat modified Hilbert’s formulation of what was to be attained, inasmuch as

Hilbert only put aside the triangle congruence axiom (TCA), whereas all the axioms containing the concept
of an angle are to be discarded in Pogorelov’s view. But this change is slight since there is no significant
use of the other angle axioms without TCA.

124(Busemann, 1976, p. 131).
125Cf. (Busemann, 1976, p. 132) : “As to the calculus of variations, we have a so-called inverse problem.

Usually an integrand F depending on point and direction is given and the curves giving the integral of
F over extremal values are sought. In an inverse problem the extremals are given (in our cases the lines)
and the corresponding F are to be found. the first contribution to Problem IV, Hamel’s thesis [(Hamel,
1901)], was written under Hilbert’s guidance and concentrates on the calculus of variations aspect with non
symmetric distances. The latter version [(Hamel, 1903)] emphasizes principally symmetric distances.”

126As is well-known, Hilbert’s axiom system for Euclidean geometry is composed of first-order sentences,
except for the axioms of group V, and the same also holds for the axiom system that Pogorelov (1979)
starts with. Hence, the non-categoricity of the axiomatic characterization of Minkowski geometry which is
at hand here does not follow from the trivial non-categoricity entailed by the Löwenheim-Skolem theorem
in the case of a first-order axiomatic theory.

127(Pogorelov, 1979, p. 7).
128One might wonder if first-order axioms could suffice in this connection. “Minkowskian geometry” as an

axiomatized theory is obtained from the axioms of Euclidean geometry by discarding all the axioms involving
the notion of an angle. Just as elementary Euclidean geometry can be given a first-order axiomatization along
Tarskian lines (cf. (Tarski, 1959)), it may be rewarding to take analogous steps with regard to “Minkowskian
geometry”, so as to investigate whether or not Minkowski’s diagram-based reasoning presents an elementary
character.

129Cf. (Hilbert, 1899, chapter IV).
130Cf. for instance (Cerroni, 2004) for an account of the work of Ruth Moufang along lines that were only

suggested in Hilbert’s Grundlagen.
131This terminology comes from Glock (1962) and Junkers (1966), who devised it after Sperner’s path-

breaking paper (1949) on the “order-functions” [Ordnungsfunktionen] in geometry. Whereas Glock (1962)
focused on “orientation-functions” [Orientierungsfunktionen] in affine spaces, Lesieur (1958) put forward
axioms for what he called “la mesure des simplexes”, which Junkers (1966) would later dub “content-
functions” [Inhaltsfunktionen], while also providing a common framework for all three kinds of functions.
Though they apparently emerged independently in German and French contexts, these ideas were later
consistently and systematically developed as they were merged into one homogeneous research field, mostly
in German journals from the sixties on. For an account of Sperner’s work, cf. (Pambuccian, 2010, sec. 5).

132Lesieur’s “measure” is a function that takes an ordered pair of simplices as its argument (“vectors”,
“triangles”, “tetrahedra” . . . ) and whose values are in the associated multiplicative group, so as to capture
the properties of orientation and/or volume ratios, depending on the intended interpretation. Lesieur’s
“measure” is thus a content-function according to the nomenclature commonly adopted later.

133Lesieur (1966) thus rediscovers in a different garb a result previously obtained by Dieudonné (1943).
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134Let us refer to the companion paper for details.
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Lesieur, L., (1958), Théorie algébrique de l’orientation et de la mesure des simplexes, Journal de
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